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2 PROFESSOR K. PEARSON- ON THE INFLUENCE OF NATURAL

(1.) Introductory. On the Influence of Selection upon Correlation.

A1 an earlier stage in the development of the statistical theory of evolution it
was suggested that the coefficient of correlation (Garron’s function) might be found
constant for all races of the same species—in fact, it was considered possible that this
coeflicient might be the long-sought-for criterion of identity in species. Professor
Werpon, following up this suggestion of Mr. Garrox’s, then made the elaborate
series of measurements on crabs with which his name will always be closely associated.
To a first approximation these researches seemed to confirm the possibility of
Garron’s function being a true criterion of species. When, however, a finer
mathematical test was applied to Professor WrrLoon’s observations as well as to

.

other statistical series for organs in man® it became clear that the coefficient of
correlation varied from local race to local race, and could not be used as a criterion
of species. A slight investigation undertaken in the summer of 1896 convinced me
that the coeflicient of correlation between any two organs, is just as much peculiar and
characteristic of a local race as the means and variations of those organs. In fact,
if local races be the outcome of natural selection, then their coefficients of correlation
must in general differ. The object of the present paper is to show, not only that
natural selection must determine the amount of correlation, but that it is probably
the chief factor in the production of correlation. If selection, natural or artificial,
be capable of producing correlation, then it seems impossible to regard all correlation
as evidence of a causal nexus,T although the converse proposition that all causal
nexus denotes correlation, is undoubtedly the most philosophical method of regarding
causality.

In dealing with the influence of selection on correlation, I shall suppose the distri-
bution of complex groups of organs to follow the normal correlation surface—the
generalised Glaussian law of frequency. I shall further assume the selection surfaces
to be normal in character. Neither of these assumptions is absolutely true, but the
Gaussian law in a good many cases describes the frequency sufficiently closely to
enable us to obtain fair numerical results by its application. Probably in all cases it
will enable us to reach qualitative if not accurate quantitative theoretical deductions.
I have the less hesitation in asserting this, as Mr. G. U. YULr has recently succeeded
in deducing the chief formule for correlation and regression as given by the
Gaussian law from general principles, which make no appeal to a special law of
frequency.}

* ¢ Mathematical Contributions to the Theory of Evolution.—IIL,” ¢ Phil. Trans.,” A, vol. 189, pp. 266
and 280. See also E. WARREN, “Variation in Portunus depwrator,” ¢Roy. Soc. Proc.,” vol. 60,
pp. 233-4.

+ See a series of letters in ¢ Nature,” vol. 54, 1896, arising from & discussion upon a paper by A. R.
WALLACE,

I ‘Roy. Soe. Proc.,” vol. 60, p. 477.
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 3

In particular, if a selected group be not given with very great accuracy by a
normal frequency surface, still we may, I think, consider ourselves justified in
supposing that the effects of the actual selection, and those of a normal selection
with the same means, the same amounts of variation, and with correlations of the
same intensity will be at least qualitatively alike in character, if they be not indeed
exactly the same quantitatively within the limits fixed by the probable errors of the
constants.

My plan in this memoir will be as follows:—1T shall first state the fundamental
theorem in multiple correlation with a new proof, so that the formulse required may
be once for all collected for reference.* I shall then give the algebraic investigation
of the new formule for selection. I shall afterwards consider special simple cases,
and illustrate them by examples. Finally I shall draw attention to the nature of
the selective death-rate as indicated in cases of this kind, and consider at length its
algebraic theory. Throughout I shall endeavour to illustrate the somewhat complex
algebra by arithmetical examples.

(2.) On the Fundamental Theorem in Multiple Correlation.

I have shown in my memoir on “ Regression, Heredity, and Panmixia” (¢ Phil.
Trans.) A, vol. 187, p. 261) that if the n variables of a complex be functions of m
(m > n) independent variables with frequency distributions following the normal law,
and such that the principle of superposition holds for the deviations from the means
supposed small ; then the frequency of the complex with deviations from the

means of the n variables lying between x, and x, + 8z, ®, and a,+ &z, . . . ,
and x, 4 8z, will be z 8x, 8z, . . . 8x, where 2 :
Y= 5 ext 1 ? q i
2=z expt. — § (S) (¢%) 4+ 29 () ) o . . . . (i)
Here z, ¢, ¢,, . . . ave constants, and S, denotes a summation for every value of p,

and S, for every pair of values of p and ¢ in the series from 1 to n.

In the same memoir (p- 302) T have determined the values of 2oy Cpp> Cpy 1N terms of
the correlations 7,, and the standard deviations o, and o, of the n variables. This
point had already been considered by Professor Epceworra (¢ Phil. Mag., vol. 34,
p. 201, 1892), and some further results by Mr. A. Brack, reached before his death in
1893, were published in the ¢ Camb. Phil. Trans.’ (vol. 16, p. 219, 1897). The
present investigation is, I think, novel, and adds to results already reached others
required In the present memoir, so that it thus places together with a fairly simple
proof all the fundamental results to which I shall have occasion to appeal later.

* We have used these formul for several years, but they do not appear to have been hitherto published
in a collected form.

B 2
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4 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL
Let us consider the quadric of the n™ order
Q =8, (¢,,,") + 28, (¢,,1,1,) = constant,

and fix our attention on two of the variables, say the first two, ; and x, If these

be considered constants, the quadric of the remaining n — 2 variables will not now

be referred to its “ centre.” But its centre, x,, x, ..., will be given by the
> 3 !
equations :

sy + Coslly F Can®y + s+ . . . b e, = 0.

Cuy + Coy - Couy + Cuts + . . . Cuw, = 0.

°

Ciadn + Conily + C3,Cy + Canly + . ‘ . + Conon = O . . . <11.).
The following expressions will not be zero, but will be written « and (3 :

euty + Coly + ey + cnty + . ., = o

Cooty T Coy + Copts + 0oty + . . . Foepm,=B8 . . . (111~)-

Now, if A be the discriminant,

Cll) 0125 013) . . . Clu
Ca,  Cogy  Coz v . Cyy
Cory  Csmy  Cagy - o G e oo (v,
cnl ) Cuzs Cy 3y . . Coan

and C,, the minor corresponding to ¢,, we have by solving the above = linear
equations,
R “Ouj” BCus _aCp + BCy
aETA LETA T
_A (210 — ‘[QCLQ_)

VVhence . o = m ) B o _"""“."“"_\_"2"" . . . . . (V.).

Generally also :

— G, C
7, = i_ujiﬁ_,zz

— (CyyCop — CyyCr9)@ + (C1Cyy — Owclg)ﬁ%
(G — Cyy?

= Dyx, + Dyxs, say,. . . . . . . . . . . (Vi)
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS, 5

This determines the central co-ordinate for any variable x, for a given value of
x, and x,.

Now let us transfer the quadric to @y, @, . . . @, as origin. [t may be written
Q= Szif Xy (017951 + Coy + €y + ..o+ Caquw,)

= ;@ )(ckaq + oty + cg,/ T c,lgmib\
+(’3qw3'+' e + cwqx n/

(/0115171 + oy + Cuy + .. (/nlx/z
=\ / )
+ s+ .. e

e+ oty Conts + .. A iy
+ 033.%'/3 + e + cnzm 2

Making use of the n linear equations (ii.) and (jii.):

+a. (

Q = 815 (w0, + o)) (c3s + e’y + oo 4 cua)
+ (o + g’y + cp@’y + ...+ cn’)

+ 2, (B + g’y + e’y + . .+ cw)

= SLZ5 @y (c3's - 4, + .. F e,

+ox, B, . .. o0 oo (viL).

For arranging vertical columns in rows, the remaining terms are

&'y (52 4 cgoy + SIZF (0399057))
+ o ("11901 + cy9y + SIZH (cwx,/))

+ a, ((,,m + Cur, + SZ 5 (Cugy)),

each line of which vanishes by the equations (ii.) for the centre.
Accordingly :
Q= Q + ax, + Bu,

where Q' is a quadratic function of @'s, 2y, . . . 2, not involving , and , at all.
Hence : z = z,e ¥ +enthm),
Now integrate z with respect to all the variables 'y, 2y, . . . 2/, from — o to -+ oo,
keeping x, and @, constant.

Then, although the origin is a function of x; and a,,

4w o + @ L , , ,
J' I . f zpe " ¥ da'yda’y, . . dad,
—w

—w — 0

cannot involve x; and x, but only ¢y, ¢4y .. . Cup, &ec. 5 let the result be ;. Then :

7 = Coe“%(fwl + Bicg)
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6 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

must be the correlation surface for x, and x,, for all values of w,, x,, ...®x,, We may
write 1t in the form
2,20y — 20 gz, 4 Cpay’

P X 1 2
v = {, expt. — LA - T e (i),
Unly — Oy

Comparing this with the known form of the correlation surface for two variables,*

Z

J— . 1.
= = = expt, — 5
2,0/ 1 — 1) P 2

we have at once

N L <"‘1 Zrygiyry | @
9]

L=y \e? 710y oy

Gy ,"_9,:3‘ L—;ng‘“i

¢,,0,, — C,,2
11V 12 9 L9y ud
A 0y (1 Tyt =

o (1 —rp?) =17

AC, 7 AC,
ooy = CUp/A . o o Lo oo (x)
Whence re=Cp/v/CpnCoy . . . . . . . . (xi),

ot = C, /A, o = Cy/A. . . o L (xiL).
Or, generally : O
7o = Co/AV/CCpp o o o oL (xiil),

oy = \/(}pp/& . . . . . . . . . . . (XiV.).

Thus correlations and variations are fully determined in terms of the discriminant
and its minor for the constants ¢y, co, €19. .. ¢y €4y Cppo v - Cpe

We have next the inverse proposition to find the ¢’s in terms of the »’s and o's.
. We have, by well-known propositions in the theory of determinants :

nCh 4 el 4 Gy + . . . A+ cuC = A
nCy + €Co +esCos + . . . F+¢,C=0.
il + Cp +¢,Cs + . . . +¢,Ch=0.

CIICMI + 0120712 + 0130113 + ° . . + CIHCHH = O

9
Or, Cnoy + CpTRonoy + Crpooy -+ . o L Cpronoy, = 1,
P 2 T " —
CP 10y = C10y” + Cpplh3000 4+ . . L 00, = 0,
a n 2 " J—
NTnO 10y Cllposy + Cpoy -+ . . o e, = 0.

Cllwﬂlo-lo-n + 012717120-‘20'/; + 013‘747130-30-” + . . + Clno'n2 = 0'
Hence solving
ey = Sy/8S, Gy =0y 0 o (xv),

* PEARSON, ¢ Phil. Trans., A_; vol. 187, p. 264.
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 7
where S = o, T12010%, 7130103 . . . TR010y
N .2 "
721071079, Oy, T3079073, . o . Ty 0,0,
B n 2 "
P51 T103  Tge0e07, oy, - e Ty 030,
a s . 2
7 211010 0 ] 12T 20 ny 77130':50'1“ . . . ay,

and 8, i1s the minor corresponding to the constituent r,,0,07,.

But S = o000 . .. o.'R,

N . 939 9 B
S, = ol .. o0, .. 0Ry,

where R is the determinant,

Lo, 7y, T
721, Loovy, o Ty,
Yo, Tae Lo oy,

Coe o (xvL,

.

| . o ’
T Pugz, Ty . . L

and R,, is the minor corresponding to the constituent »,, Thus we have

1 ]‘ .
c= - R./R Cry = R . . . . (xvi
11 P 11/ ’ 17 o0, f// ( )’
or, generally,
o = 1+ L 6, =R /R (xviil.)
pp 0'112 R’ ‘g 0,0, vy . . . )

Thus z may be written®

. R, @,
s = oy exph — 1 {bl < 2 0j> + 28, (

(xix.).

It remains to determine z, from the fact that the volume of the surface = N.

Or, = z, i”f rw o rw expt. (— $Q) dw, da, . . . dz,

—_ » —»
A i o B s 3 / Ry , o
= 2,010y . . . Oy ( f C f expt. — 5 {bl BT + 285, \\E—azpocq)}
> -0 -0 —w 5

S W) W,
N do/ daly. .o dey. 0 00 (xx0),
by writing /o, = «/,, &e.
Now, integrate first with regard to a/; writing first

% ¢ Phil. Trans.,,” A, vol. 187, p. 302.
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8 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL
Ly g
Sy <1’ “ 2> +25 <“i ’x,f>
Ry / 1}17

Ry, Ry 2
=T ( 1+ /2+ﬁh’xl3+- o 95/»>
- V11

Ry

R 1L11 IL] ) /R » Rl - I{I ,R q
+ 2] < = RR - ,772 + 222 Q_-,.I,.!.,__TH;.5_7,,,ZWJ,I_ 90/],{13/7> ?

iy

where %, is the sum for all values of p, and =, for all pairs of values of p and ¢, from
2 to n inclusive,

— 11;1 (wll + ) +3, (}177 ) + 23, <%{7 > where H'| = =3, ( 1 g ;;).

For if R" = Ry;, or the determinant of the correlation coefficients, omitting all
involving the first variable, ¢.c., the first row and column of R, the determinant R/,,
corresponding to the minor of the constituent 7, in R’ or to the second minor (. R};),,
of R is given by
Ry, = (BB — RR)R o o L (),
and for p = ¢, '

R,=®R,R;—R,YR . . . . . . . (xxil)

Hence, integrating «’, between the limits + o and — oo, we have

N = z000. .. A/ 2w 1{"

E i 1) /le) 1‘7}// 1. da B
) ) expt. — % HlQ w —I 23, v poc daly day . .. da,.

This is of precisely the same form as before, except that we have the factor

V27 A/R/R/, and the multiple integral is reduced by one integration and by the
disappearance of all correlations involving the first variable. Now, integrate with

regard to @y, The sole effect will be to multiply by a factor /27 +/R’/R”, where

R” is the minor of R’ not involving correlations of the second variable. Thus, by
repeating the process, we have ultimately

— IR [ {n*‘l
N = 20005 . . o (V20) VRIR VRIR VRIR LA, 4?’
or, Zo = o T N Coe oo (xxdin),
Cr) oo, o VR

which gives the constant of the surface.
The preceding investigation enables us also to deal with two further points.
(@) Given n variables, what is the mean value m, -+ @, of the first variable and

its variability o/, for definite values m, -+ hy, my 4+ hy. . . m, + h, of the other
(n — 1) variables ?


http://rsta.royalsocietypublishing.org/

'\
A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

A
A
Y

A
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 9

Clearly, when «/y¢’; . . . @/, are constants, the distribution of 2, is of the form
R, R 2
constant X expt. — { L+ E,l w-‘f m >} .

Or, re-introducing the o, oy, . . . o,, we have a distribution about the point given b
fon) 1> Y2 5

= <Rlﬂ g Ry oy

Ry Ty Ry oy

R]n 'L)z\\
Ry O"n/

ot

(xxiv.).
with standard deviation o, = o, vV R/Ry,

(b) Given n variables, what are the mean values m, + @, m, + z,, the standard

deviations ¢}, ¢, and the correlation 7, of two of them, when we give definite
values my + hg, my + Ay . ... m, + h, to the remaining (n — 2) variables ?
In this case we have from (1.)

z == expt. — & {em? 4 2225 + coy?
4+ 2 (¢15hs + ey + oo+ enl)
A 2 (eyghsg F ehy .+ eh) @

-+ terms not involving @; and x,} . . . . (xxv.).

Writing K, for the coetlicient of x|, and K, for that of x,, we have for the centre

T o= — (Kyeyy — Kyoy) = _ (=K + enKy)
R Oty — C1g° L el — 0
1 — Cro s — G
— [ C1yaq = CopC - Coplyy — CpuC \
_ 17728 T YopUia —_ 70 VS V 1
5(51——-2\00 , ]) Ly = — 3 e _czhp)a
11608 — Cia” 162 — O

/Ry, Ry — Ry 7@,> -
3

) 2 \
o= — S 1o = — oS Ryplyy — RyyRyy 2,
' = k Ry Ry — Ry? oy * = ’

2 > 2
ity = Ryy* oy

by transferring to the minors of R and the o’s. Or,

r LY 4
- P T - ep Ny , .
€ = — o, (==L L Ly == — x5 = —) . . . (XXVL).
1 1~1 < R 0_}}) ’ 2 2492 R o, ( )

Here R” is the determinant formed by striking out the first two rows and
columns of R ; p”y, is the minor obtained by striking out the second row and column
from R, and then the first row and p® column; p’,, the minor obtained by striking
out the first row and column, and then the second row and p'" column. But a
comparison with (xxiv.) shows us that these values for x, and &, are precisely what
we should have obtained for the regression equations of the 1st and 2nd variables
1'espectively alone on the other w2 Variables. “Thus the existence and the

VOL. CC.—A. ‘ ¢’
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10 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

Returning to (xxv.), we remark that the terms of the second order in @, and x,, on
which the correlation and variations depend, are not altered by a transfer to the
centre x; and x, of the array.

Hence by (ix.) and (xvii.) we have

. ¢ i .
)2 / -

p= =t = = R/v R Ry o0 0 0 0 (xxvil).
‘11

2
This is the partial correlation of the 1st and 2nd organs for the remaining 1 — 2
organs with constant values.
Again,
1 1

Cyy = Coy == 7 oo
1 P (1 —7y?) TR T g "t (1 —7,?)

Whence we easily find from (xviii.) and (xxvii.)

P o R R, Pz’ o2
Oy =0 R’ g =0y
Ry Ry — Ry Ry Ry —

v ‘:Q)
1

or,

= oy VBRR', o'y = oy VERY . ... (xxviil),

where R” is, as before, the determinant R without its first two rows and columns.

These by (xxiv.), are what we should have reached by ignoring @, in finding o/}, and
x, in finding o',
(3.) General Theorem wn Selection.

To find the selected means, the selected varittions and selected correlations, when
q organs are selected, naturally or artificially, out of a complex of n organs.

Let the selected group of ¢ organs have their means raised %y, hy, hg, . . . h, (some
of these quantities may be negative); their standard deviations changed from
O, Tgy - . 0y L0 8, Sy, Sg, .. . Sy, and their mutual correlations from 7, 7y, . .. 7y,
Togs Tog + + « Tags + o » Tym1, 8O P12y Prgs v o v Prgs Pags Pawo + + + Paps + + + Py=10r

The whole system of n organs before selection will be defined by the means as
origin of measurement for each organ, by the standard deviations oy, oy, o, . . . o,
and by the coeficients of correlation 7y, 71, « o« 70y oy T+ o2 Tos o o Pupe et
R be the determinant

l 1 s 712, T3 . . 10
[ P21, L, 7y, T
! - . N

| Tat,  Tnoy Ty - LI 1

and R, the minor corresponding to the constituent r,. Then the unselected
population is given by the frequency surtace of equation (xix.),
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 11

R, ap R, w0, .
z = constant X expt. — & {Sl <~“~» T”é> + 25, <~f1 3’1?*’>} .. (xxix).
v

R o A o0y
For brevity, we can also write this in the form
z = constant X expt. — & {S, (¢,,2,?) + 2S, (cpc,)} . . (xxix.)V,

Now consider for the time only ¢ 4+ 1 organs—namely, the first ¢ organs and the
m™ organ (m > ¢), and let us write R (%), if » be > ¢, for the determinant :

R (») = 1, 7 Ty - . . T T coe e (xxx).
P15 1 ’ Toy, . . . 7".’/,, o0
’)";;,1 3 ,'13'.’ ) 1 s . . . 7/,311 3 1 ,;%71

Tor, Tyzs, Tozy « o 15 Tou

/rul: 7'@/,2) 7Au3a . . . ’)"W[, 1

Then if R (u),,» be the minor corresponding to the constituent #,,, and if
R(w)yp 1 c e e . .
Dy = ézgf)p P the distribution of the ¢ + 1 organs will be given by the

frequency distribution

' = constant X expt. — % {S, (b,,@,%) + 28, (bypapa,)t . . (xxxi).

S, being a sum for every value of p’ throughout the ¢ + 1 organs, and S, for every
pair of values.

Now let the first ¢ organs be given values hy, h,, . . . i, then the mean value of x,
will be given by

b U b"u Z) (2
x, = — <b11m hy + b hy 4+ ...+ " /7,9>,

buu
o JL{_(EL,)‘“ 9y R (“)m Oy
- (R <u>uu o, hl + R (’lb)uu Ty

hy . 2 o h(/). . (xxxil).

R (W oy

Now these coefficients can be found at once if q be known.
For example :

R ()

7 =1 =7
Q s R (u)zm lu
g=2, — 30 _ 7wl T e A T
’ R () 11—y R (1), 1 — 72
q = 3 - B_(ﬂf)_m T - ?’232) = Piloy = T1Tu F Toy (Pils + T1s7a,)
) — : /
R () Ty = g — 1+ 2077

_ R(u R ()

and
R (#)y an R (%)

can be written down by symmetry . (xxxiii.).
¢ 2


http://rsta.royalsocietypublishing.org/

\\:

'y
A 1

N\

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

y i
///

AL

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

12 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

Now suppose in the expression (xxix.)" we were to put z,, ,,...x, equal to
hy, hy, . . . h, respectively, then the system of equations to find the means of

Typ1s Lgpgs + o v Xgpuy « -« &, for this array would be the n - ¢ equations

y / , r_

O Pt G g hat o g g byt e g F Cpan g a0 @ =0
. A / VA

Cgra it Co o hot oo Ao byt Cpin g W o i @pna b G @ =0,

. . . . . . . . . . o

C1n hl + Con ]1'2 + v + cq,u h/] + cq+l,n x///+ l+ Or/+2,n m/(/+2+ 0o e + Cun m,u =0 . (XXXIV);

where @1, @/,,,, ..., are the “co-ordinates of the centre” of the array of the

n — ¢ organs.

If we were to solve these equations we ought to get precisely the solution for
al, (u>q <mn-+ 1) that we have found for «/, in (xxxii.) above, where none of the
coefficients involve correlation-coefficients other than those of the first ¢ organs
among themselves and with the ™ organ. This result flows from the pretty obvious
law that the mean of the »™ organ for an array determined by values of the
first ¢ organs cannot be in any way dependent on our considering the relation of this
selection of ¢ organs to any additional organs beside the u™: see p. 9.

Thus the solution of (xxxiv.) is simply obtained by putting © = ¢ 4 1, ¢ 4 2,
q + 3, ... nsuccessively in (xxxiiL).

Let us now select the first ¢ organs not with absolute values. but varying about
means Ay, hy, . . . i, with standard deviations s, s, ... s, and with mutual corre-
lations piy, Pras - « - Prgs Pass - -+ Pags -+ Py—1ge W have then to multiply £ in (xxix.)"™
by an exponential quadratic function of the @, +4/h), xy4-h,, ... ;41 t.c., the selective
correlation surface, and divide it by another exponential quadratic surface, z.e., the
primary correlation surface of the ¢ organs ), x, ..., This follows, since the
frequency of each complex of 7 organs must be reduced in the ratio of the selected
to the primary frequency of the complex of ¢ selected organs. But it will be clear
that such a reduction must give us a result of the following form for the final
frequency surface of the # organs :

7 = constant X expt. — & {¢;2,® + cpmy® + . .. + ¢z}
+ Cprrgrg®on® oo cut)

+ 2¢p @y 4+ ... (v and ¥ < g 4 1)

+ 2¢,m, + .. (v < g4 1and u > q)
+ 2cpw,, + ... (W and v > Q)
+ linear terms in @, , (v and v/ < g 4 1) . (xxxV.),

where the ¢’s denote the changed ¢’s.
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SELECTION ON THE VARTABILITY AND CORRELATION OF ORGANS. 13

Now if we differentiate the quadric to find its ¢ centre” we have n equations in
X, ...x,...x, but the solutions of these, if x,,, . .. @, were eliminated, are known
to be the “centre” &, h, ... h, Hence we require only n — g equations involving
Xypy . . . @, and we can put the I’s for the remaining values ;... x, Let us take
the differentials of the quadric with vegard to w,,,...w, then the resulting
equations involve none of the ¢s, but only the ¢’s. They reproduce in fact (xxxiv.).
But the values of #',,, . .. &', found from (xxxiv.) are, we have seen, identical
with the values of (xxxii.). Thus we have

R(g+ 1101 ‘77+1 (’H'l)? 1 %¢n R(Q"’ Dygn o +1
x,( { Rg+1)1001 ] .+ 7,9+1_ %+ h
741 = R@+Dyn o It R (g+ 1)«+1,q+1 ay R @+ Vg o ]
Rg+2),4ta 044s RG+2)000 a9 R(g+2)050 044
e BB o | B0 o : 2;}
e R(+2)pr0001 & + R+2p0m2 o0 + t R ((1 + r)>(/+° 4ty O
, ROy oy B R, o .
x, = {L Yo “h, + Ry o, hy+ .o+ (e o :L(/} coe e (xxxvi).

These give the most general form of a theorem proved for a particular case in
¢ Phil. Trans.,” A, vol. 187, p. 300, ¢ (il.). If systems of q organs be selected with any
arbitrary variations and correlations out of complexes of n organs, then the mean sizes
of the remaining n — q organs have precisely the sume values as of the selection of all
the systems of q organs had been to one size and not varied about mean values.  The
arbitrary variations of the selected systems about these mean wvalues, as well as the
arbitrary correlations, have no influence on the mean changes of the n — q organs.
Returning to equation (xxxv.) we know that if the determinant

A= 0, € Cu3 S Oy Gy N
Co,1> Co20 Co3 - o o O CGyyn o Gou
o T o Cogi1 Ce e Gy (xxxvil)
Co+1,1 Corne Cgv13 - o o Cornp Coyngar ¢ - - Cppa
Cn, 1 091, 25 Cn, 3 . . . cn, 9 0/1, g+1 . . ' Cnn

be formed, its constituents and not the linear terms in the exponential of (xxxv.)
determine all the standard deviations and correlations. Let 3, be the variation
after selection of the u™ organ ; then if w be one of the selected organs 3, =s,, if u
be for one of the unselected organs 3, has still to be found. Let 1,, be the correlation
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14 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

coeflicient of the «™ and ™ organs after selection, then if % and v be selected organs,
Tu» = pur; if they be not both selected organs, then it has to be found. Let D,, be
the minor corresponding to the constituent ¢,, in the above determinant, then by
(x.) and (xiv.)

D

50 =" ;U Coe oo (xxxoviil),
e
and
D ‘ .
Euzvrmx - 7521 . . . . . . . . . (XXXIX.).

Now let us write for brevity a,, = D,,/A and «,, = D,,/A.  Clearly as long as » and »
are less than ¢ + 1, a,, and z,, will both be known, u.c., are equal to s,* and s,s,p,..
Now by a well-known property of determinants

gy F Cogn®ia T+ G gtz + o Gty G e G, =0

€1 g+2%01 F Cogaa®ia T+ Cpattis o o Cpguatty Tt Cpungaa® a0 - Cgrattn, = 0

Cy, a0y T Co e + Co iy + - oo oy, -+ Cop1,®1, 042 T - -+ + Culy =0 . . (Xl)

Comparing these equations for the n — ¢ unknowns ;.\, ;.5 . . . @, with (xxxiv.)
for finding #, |, '/, . . . 2/, we see that they are absolutely identical if we change
hy, hy ... h,in the latter into e, @), ... &, Accordingly the solution is given by
(xxxvi.), or we have

R+ 1y ga1 o411 R(g+1) 1 040 RG+D)y 00 o
o = ¢ R T g R e o C S AREEL S g
b {R @+ Dgprrpm o + Rg+ Dy 0y 7 + + R (_(1+1)g+1,!1+1 ay 1]}

R(g+2) 440 044s R(g+2)4000 0450 R(q+2), 449 o,
gy = — {_Li_ﬁ__ T g T s Tre 4 R+ 2000 T4 “w}
R(g4+ 219,040 01 R +2)419,040 09 R(G+2)0,040 04

_ R(n) 4 o, R (n)yn o
Oy p = =~ {R (n)n,n o al]. + R(n)u,n oy Oqg + LI + R <‘77«')n,n o, al?}

Provided v be < ¢ 4+ 1 we might equally well have used «., a., ... a, Hence
we conclude that if » be < ¢ + 1 and w be > ¢,

R (U),/,; Oy l 1
AT e L (k).
R ('?’/)lm ay " ( )

I{z (%)115 [ l\)J <u)gu T,
Olpy == == 5 N T J

: v T 2
Ry oy " R @) oy

4+ ..+

Or, substituting the known values of «,, oy, . . . @,, we have for v < ¢ + 1 and

u > q
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 15
L« R (). s1 R (1/)2,, s, R (s 8
S = — 8,0 $ G e
oSulon SLO’["{P (u)m/ p + 1) (7{’>zm Ty + + R(u)uu Oy

Frapegf oo G
The next stage i our work is to find «,, when both v and v are > ¢, and also a,,
when v = % and both are > ¢. This is done at once by substituting the minors a,,,
Ayoy o+ Oy . . @, 10 the equations formed from the last p—q¢ lines of the determinant
(xxxvil.).
We obtain the following system :

Cy,g41%m + Co, 4102 + Cs, g +1%u3 +...+ Cy,q4+1%uy + Copr,q+1%u, 41 + ...+ Cp, g1 %un = 0

C1, g+20n1 + Co, g2z + Cs,q420u3 +...+ Cy, g+2%uq + Cyit,q+2%, g+1 + ... + Co,g+2%un = 0

. . . . .

Gl,’lta‘lél + Cz,u"‘uz + C;.;’,,,OL,,,;; + v + cq,uau.’/ + c{/+1,ua//,1]+1 + e + cﬁ,wamt =1

.

. . . . . . . . . . . . . . . . . . . . . . .

Cl,naul + Coullys + Caullyy L + Oy,uany + C(/+1,uaw,z/+1 + L + Cﬁ,ﬂam/, = 0.

These are identical with equations (xl), except that the equation with the
coeflicients ¢, ¢y, . . . ¢, has unity instead of zero on the right-hand side. Hence
we see that e, (v > ¢) will be the same function of a,, e, . .. «,, that ', is of 4,
hy, ... h, in equation (xxxvi.), but it will add to this a function of the last p—q
system of ¢’s, 7.c., the ¢’s

Crgvls Cotlg+1 + + + Cugaq

Crg+ Corrgre o o Cugra

. . . . . .

C(/ 2 C/H-],m . . . G?Z,ﬂ‘

Whatever this function may be we will represent it for the time by y,,; we notice
that it is independent of the selected variations s, s,, . . . s,, the selected means A,
hy, ... hy, and the selected correlation coefficients pg, pys, . . . p,o1,, It depends
only on the characters before selection.

We thus have

R (@) o R(0)y o R (v)

) l (/b
Gy = Y = 3 50 o , %y - o, b
2z '}/m {.R('IJ)W ey O + P (1/)“ o, w2 + + ]n /0) N[}

Now the system a,, @, . . . a,, can be found from (xli.), since a,,» = «,,, whatever
' and u'" be.
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16 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

Hence we have

— R (@) R(1)yn (5, \?
Cuwy = Yuv + 0w [Sl {R (’27)% R(u)zm <0'p

R (o) RO | R0 R0 h_}
+ 82 {(R @) R (), + R®)y R Prpr Ty ’

Here 8, denotes a sum from p = 1 to p = g, and 8, a sum for every pair of values
of p"and p” outof 1, 2,8, ...q.
When » = v we have simply

Kpy = Yo "i" UUQ ,[-Sl {<R (?'})})Ij\h <§A‘”’Y + -382 ( i (IU)/M l{'_(p)l’,’j," Py 'SMS}]"’I > }J ¢

| .
L UR ) \o,/ 2 (R Gy

It only remains to determine y,, and v,. This we can do by putting all the s's
zero, or selecting our ¢ organs of one size only. We sce at once that y,, and y,, are
the values of a,, and a,, that is, of 3,31, and %2 when we select ¢ organs of
definite values and seek the correlation and the variabilities of two others, the %"
the o™ These values have already been found on p. 10.  Or:

and

2,[,20172,” = Yup == = O—HTUI‘)J (ZLU).,w/l{‘(fl)ﬂ '
202 = ')/02 = O-ng (7,&?]),,!,,/1{ ((1)’ { S (Xhl)
21;2 = 71&2 = C"WQR (Z“’)W’/R (q>

The mnotation of that page has been changed so that R (uv) now stands for the
determinant

Ly e, Ty o o0 Ty Py T
Pars L, oresy o o o Ty T T
V31, 7'32; l 3 . . . 713//9 305 Psp
(xliit.).
Ty Ty Ty o o L vy, 7y
Tuts Vs Puse o o 0 Ty, LI
7/'(;1, 7',;3, ) l,-;;, . B . i '1-,7, '/'g,/, ]

R (uv),, 1s the minor corresponding to the constituent r,,; B (wv),, the minor

" row ; and

corresponding to the constituent at the meet of the u™ column and u
R (¢) the determinant with the last two rows and two columns struck out.

For example :
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 17
g=1: vy,=0c2(1 —7r,° Yo = o2 (1 —r,7),
Vv == 00 (T = 11.70),
G=2: v, =0 (1 —rt—r,— 4 2r00,)/ (1 — 1.7,
Vo= 0,2 (1 ~ 17,7 — 1,2 = 10,° 4 2rrr) /(1 — 1,2),
Yir = 040, {70 (1 = 10,°%) = 700, = 0%, i (e 20000 H/(1 — 107,

=35 yu=0X Lot e | (L=t =g — g o 2y
To1, L 7a 7o
oty Tyoy L, 7y
Poty  Troy Py 1

Y = 0,7 X Lo, 7 1y (1= 1y =gy — 1y 271979571
Pory I ) Pas, oy
/}13]} 7‘527 l bl ?'I’)W
b Tun Tuzs T, L

YV = OOy L 7 7 1 | (L = — gt 27155731
Ta1s 1 ) 712::: ’21'
Pas o Tae, L,y

7'1/1 3 ?4.14‘27 7"l/.’)) /,,I/," ' - . . . . . (}\]i‘]. )-

We can now collect our complete results.
The variability of a non-selected organ v > ¢ is after the selection of ¢ organs
given by

B R (uw),, - (I) (D) $p\? v R @ R (0 SpSpn L
L Q ) N L P T NTIPT NEAN
Ev - T, { n ({/) l &1 [\I{ <v>”‘> g'p) + 2)52 (1)& (1:)W>2 pﬁ'ﬁ" Ty )[ . (XlV.)

/7

The correlation of two non-selected organs v and u both > ¢ is after the selection
of ¢ organs given by
/ org g A

- R (uv),, R (7;) » 1 ('24\ 2]
\ v = - ) 'y pz
R 0y [ R () - S {]) ()re ]\ (u)m \o';,,/ }

3 o IL (/l(> Pt ]) (7’)1”17 IL (M> 1t S ),S', 11 1 »
S, ( L () ) Do L () S L ) 3
+ { l\,('l))w IL ?l)uu + R (U,u R (u)uu p/‘(7 Ty J . (lel )

The correlation between a non-selected organ 1 > ¢ and a selected organ v < g1
18 given by (xl1i.)" or,

R (w),, 8,0\ .
szurrw = — 8,07 [SI <ﬁ§{;)7j P ;f /] B (XIV]L).
: e )

* The expanded values of these determinants are given, ¢ Phil. Trans.,” A, vol. 187, p- 294,
VOT., OC,—A, D
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18 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

Here in 8, : p takes every value from 1 to ¢, and in S,: p" and p” every possible pair
of values from 1 to ¢. Equations (xlv.)~(xlvii.) fully determine all the required
quantities and form the full solution of the problem of selection. Before we see the
remarkably simple forms they take for simpler cases, we may draw some general
conclusions of a most important character.

In the first place we must distinguish between directly selected and what we
have termed non-selected organs. It would be better to term the latter indirectly
selected organs. Suppose the recruiting sergeant were to pay attention only to
stature and seek to form a regiment of men of about 5 feet 10 inches. He might
have a real range of stature about 6 or 7 inches, but he would strive to get men
of about this height from the population. We will suppose that he did not consider
chest-breadth, head-length, foot-length, lungs or any other character. The distribu-
tion of these “ non-selected” characters in the regiment would not be the same as in
the general population. Their means would have changed by (xxxvi) and their
variabilities and correlations be given by (xlv.)-(xlvii.). In other words, an indirect
selection would have taken place. A selection by stature would change foot-length
and head-length and indeed every other correlated organ. - Much the same result must
oceur in natural selection. If it be advantageous for a species to have a certain group
of its organs of definite size, falling within a definite range, and related to each other
in a definite manner, then these changes cannot take place without modifying not only
the size, but the variability and correlation of all the other organs correlated with these,
although these organs themselves be not directly selected. Practically this means
all the other organs, for so far one can hardly say with certainty that we have come
across any two characters in an organism which are uncorrelated. Many of those
investigated are highly correlated, all appear to have some correlation, even if it he
very small or negative.

‘We may therefore conclude as follows :—-

(@) The selection of any complex of characters or organs in an organism changes
all the other characters and organs not directly selected.

(0) If the change in the complex be continuous and progressive, the other
characters will continue to be modified until the change in them is so considerable
that selection begins to act directly upon them also.

(¢) The changes noted here are not confined to the average value of a non-
directly selected character and to its variability ; the correlations between non-directly
selected characters and the correlations between directly and non-directly selected
characters are also both changed.

(d.) If local races have been produced by selection from a common stock, it will
be impossible to look upon correlation as a criterion for species. Kvery selection will
modify such correlation, and it has no greater fixity than either type value (mean)
or variability (standard deviation).

The whole of these statements will become more manifest as we apply our general
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 19

theorem to special cases, but we must note that if two organs were uncorrelated with
each other, it still might be possible by selecting a third, or a third and fourth, to
produce correlation between them. Further, by selection of one or more organs, two
non-directly selected organs can have their existing correlation increased, lessened or
even changed in sign. ‘

(4.) A primary difficulty will of course arise in the case of natural selection. How
are we to determine which are the directly and which are the indirectly selected
organs 7 With artificial selection by man, we know which organs have been selected
fairly well ; attention has been paid to colour, size, proportion of parts, &ec. Kven in
the case of the medical examination of the recruit, it is chest, lungs, heart, stature,
&e., which form the basis of the acceptance or rejection. If the head or foot be not
absolutely deformed, little if any attention is paid to them, so with hair-colour,
probably eye-colour, and a mass of other details. No doubt the direct medical
selection indirectly selects these, but we could roughly class the selected and non-
selected organs or characters and investigate the changes in the correlations of the
latter owing to the indirect selection. But how are we to form these classes in the
case of natural selection ?

The investigations may look difficult, and even from the standpoint of arithmetic
appalling, but it seems to me that the differentiation of organs imto directly and
indirectly selected classes is the keynote to the problem of evolution by natural
selection.

Let us look at a simple case and see whether 1t will throw any light on the
problem of distinguishing between directly and indirectly selected organs. Suppose we
have two organs only, with means m, m,, standard deviations o, o, correlation 7,
and let the first be selected so as to have a mean value m, 4+ £y, and standard
deviation s. Let =, be the standard deviation of the second organ and 1, the
correlation of the two organs after selection, and m, 4 1/, the mean of the non-
selected organ.

Then by (xxxii.) :

,1/ Pl = 11 —_— /J s
1
and 1t will be shown later (see p. 23) that
\
l p 9
‘ - 8
and 2ty == 0y = Ty
!

Hence we have :
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20 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

In other words the regression coeflicient of the non-selected organ on the selected
remains unchanged, while that of the selected organ on the non-selected will, as a
rule, be widely modified. .

Further, let X, be the mean value of the second organ before selection corresponding
to a value H, of the first ; let M, and M, be the means of the organs after selection,
and Y, be the mean value of the second organ corvesponding to a value K, of the
first.  Then the equation to the regression line before selection is

[OJr— Ty
X, =1, — H, + m, — 7, 2 m
2 gt f 1, vy M

and after selection it is

>, >,
Y, =1, & Ky + My, -1y, . M,
5, 5

g, G [ 7N
= 7, O_" Ky 4 my vy 2 by =y 2 (g + 1),
1 7 7

gy
o = .
12 o l

=, % Ky, + m, —»

But this 1s identically the same line as the regression line before selection. Hence
not only the slope (regression coeflicient) of the line, but its position is identical, and
we have the following result : —

If two local races have been cvolved from a singie stock by ihe selection wn different
ways of one organ only, then the regression lunes for the two races of any non-directly
selected organ on the directly selected organ will be the same in direction and position;
but the regression. lines of the selected organ on any non-selected organ will differ for
the two races.™

Of course the means, standard deviations and correlations, not only of the selected
organ but of all the non-selected organs also, will probably have changed. 1t is only
certain of the regression lines which remain unchanged and serve as a criterion to
enable us to distinguish between directly and non-directly selected organs.

Of course the problem in Nature will not be as simple as this, for differentiation of
the two local races may have arisen from the selection of more than one organ, or
may have arisen from the selection of two different organs, but the illustration will,
I think, indicate the nature of the investigation we ave proposing.

We can easily generalise our theorem by considering the form of the selection
surface given on p. 12.  Any result obtained from (xxxv.) which does not involve any
of the ¢’s will be a result unaffected by the selection that has gone on. Now to
obtain a regression equation we put any number of the s equal to constants, to /s

* The geometrical interpretation in this simple case that the regression line is unchanged is quite
obvious, and, indeed, may serve as a proof. -
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>

say, and find the “centre” of the quadric of the remaining «’s, the co-ordinates of
this centre, expressed in terms of the /s, are the regression equations. Now it will be
clear, that if we put all the selected @’s equal to Z’s, the differentials of the quadric
with regard to the remaining or non-selected @’s can contain no ¢’s or the coefficients
of the regression equations thus found will not be modified by selection.

Further, we might have given not only the selected organs, but any number of the
non-selected organs constant values, and the resulting regression equations would
involve only the ¢’s and not the ¢'s.

Hence we have the following general theorems : —

(L) If an organ has been modified only by wndirect selection, then its partial
regresston coefficients on any complex of other organs, however large or small, provided
it includes all the directly selected organs, will remain unchanged by the selection.,

(iL) The same organ wn two different local races which have been derived from «
common stock by the selection of two complexes of organs, some of which may or may
not be common, will, if it has not been directly selected wn either case, give the same
partial regression coefficients for any group of organs which includes the members of
both complexes and any nuwmber of non-directly selected organs besides. v

If the partial regression equations have changed coeflicients, then we cannot at
once determine whether—

(o) We are dealing with a non-directly selected organ, and have not included all
the directly selected organs in the group upon which we are calculating the regres-
sion ; or

(0) We are really dealing with a directly selected organ. In this case, we have
also certainly not included at least one directly selected organ in the regression
group.

Theoretically, however, (i.) and (ii.) suffice to find out which, if any, are the non-
directly selected organs in the differentiation of local races. Practically, however,
the number of organs and characters may be so great, and our ignorance of those
probably selected so complete, that the arithmetic of determining so extensive a
series of partial regression coefficients may be quite beyond our powers. Still, where
the divergence between local races is not too great, and the source of the differentia-
tion not too obscure, it is probable that the above theorems will lead to results of
great interest.*

Without laying too great weight on these theorems, T would still venture to
suggest that if’ the criterion of a species be the discovery of any numerical constant

* Mr. L. BRAMLEY-MOORE has been working with this end in view at the long-bones in man. But
even here the direct selection of parts of the vertebral column-—for which, at present, we have no correla-
tion values either among themselves or with the long-bones—and of the hand and foot, which
Dr. W. R. MACDONELL has just shown, are very highly correlated with the long-hones, may render
nugatory all attempt to ascertain which, if any, long-bone has been only indirectly, or, at any rate, least
directly selected.
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22 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

or group of constants, which is the same for all local races, then these constants must
not be sought in the values of mean characters, degrees of variability, or of correlation,
but in a system of partial regression coefficients, and the discovery of these is therefore
of first class biological importance ; it is the classification of the characters into directly
and non-directly selected groups, a.c., it is the discovery of the modus operands of the
factors by which the differentiation has taken place. We are a long way from
solution yet, but we may venture, perhaps, to admit a faint glimmer of light in the
direction of what might seem the culminating problem of the mathematical method
as applied to evolution—-the piecing together by quantitative analysis of the stages of
descent.

(5.) 1 will take now the application of the above results to simple cases ; but for the
benefit of those who cannot easily follow the main principles of our investigation
through the stages of determinant analysis, I will prove directly the proposition that :
the selection of an organ A alters the mean and variability of « correlated organ B,
and also the correlation between A and B.

Let the correlation surface for the two organs be
N 1 ~3( LI

— Y : 0‘1"2(1:1‘:1?)
RN
27ay0y V1 — 1)

PN

where N is the number of individuals in the general population before selection, and
the subscripts 1 and 2 refer to the organs A and B respectively.
Let the distribution of the population after selection of the A organ be

, n Y

= e W
2 $ ’
where N — n is the total destruction, A, the mean and s, the variability of the
1 1
population with regard to A after selection. Before selection this distribution was
N -
7= = 7,
! Vv 2ma,
Hence, the selection being random with regard to the array of B's corresponding to
any A, we have for the surface after selection

Z=2zX 72/,

for each array must be altered in the ratio of the corresponding 2’ to 2.
This gives for the surface in full

1 1 20y gy
o0y (1 — 757)

—_ " et — L z< 1 S
Z = expt. — 3 {ml S+ o2 (1 — i)

‘ 2 2
2mroys, S g,

1 2l 1(

o _ (xlviii.).
oy? (1 —7p?) 5° )
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Integrate this for every possible value of &, and we shall have the distribution %, and
s, of x, or B after the selection of A. After some reductions we find for the frequency

(O,

v b hineoy)?
(= ey
o0,
where
3,2 = oy} (f[. — (l. —_ '10)7"102> e e (xlixy),
- \ o-lﬂ N / ‘

which gives the standard deviation of the indirectly selected organ, and the * centre ”
of this organ is given by

R ()

These are special cases of our results (xlv.) and (xxxvi.) above respectively.

Further, returning to the correlation surface (xlviii.), the coefticient of correlation
1y, is the coefficient of wxx, divided by the product of the coefficients of x* and x,2
Hence we find .

51 M2 .
oy 8 . -
1— L= 5
oy

Let 7, = sin 0, 1), = sin ¢y, then we have
tan ¢, = I tan O . « .« . . (1)
e oy -

This shows us that ¢, decreases with s, or that 1), decreases with s, that is to say,
the more intense the selection the less is the correlation. This in broad terms
demonstrates the general principle that intensity of selection connotes a lessening of
correlation. Tt is this principle which very possibly accounts for the fact that the
more civilized races of man appear to be not only more variable but more highly
correlated than the less civilized, among whom the struggle for existence is more
intense. It may, perhaps, also account for the skeletons of women of the civilized
races having their parts more highly correlated than the parts of those of men.*
Lastly, it may well throw some light on the wmarkedly plastic character of races
which have been stringently selected with regard to one or a few organs only.

As an illustration, suppose that the correlation between femur and tibia were 7,
and let us investigate what would be the effect of reducing the variability of the tibia
by direct selection 50 per cent. We find at once on substituting s/oy = *5 and
7, = 7 in (1i.) above that 1,, = 44, or a reduction of about 37 per cent. This will,
perhaps, be sufficient to indicate what immense changes must be made in the
correlation of highly correlated organs whenever selection, artificial or natural, is
stringent. It is important to notice that the change in the size of the organ in no

* See Lk and PEARSON, ¢ Roy. Soe, Proc.,” vol. 61, p. 354 ; and Lgg, ¢ Phil, Trans.,” A, vol. 196, p. 231,
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24 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

way influences the change in the correlation between organs, if the distribution be
normal,® the change depends only on the stringency of the selection. Breeders who
select. by the size of an organ only are in that case very likely to reduce the variability
of the organ in the selected group by far more than 50 per cent. Accordingly, it is
not to be wondered at if they, to a great extent, destroy the correlation between the
selected organ and other organs. This destruction would appear as a want of relation-
ship between parts, possibly as a want of fixity in type.

By means of equation (lii.) v, can easily be found from », and p=s,/o. All we need
is a table of trigonometrical functions. We observe that 1, is always of the same
sign and less than v, For many biological purposes the following graphical con-
struction gives quite sufficiently accurate results. Let CADB be a quadrant, say of
10 centims. radius, and take the point P on this quadrant distant PN = 107,

from AB. Take QN = ; PN, and let AQ meet the quadrant in R, then RM the

distance of R from AB = 10v,,, and consequently determines 1,,. If the figure be
drawn on decimal paper the determination of 1, is peculiarly easy.

Graphical method of finding correlation hetween organs A and B after selection has acted on A,

Scale of £, and R, .
b - . 4

oG . . . . P
¢ 9 7 R 2 A
i
2]
1Y
7
A
)
I
4 x e
X T EEasrcaald
; S0
i i
L EESE! Eof gt Viil
H
) A
8

In the above example 712 = PN = *T; 5//0 = ;} = &, and therefore QN = iy./p = -35.

t13 = Rz = RM = 44, as before. See p. 23.

* Tt will do so if the distribution be skew, sce ¢ Phil. Trans.,” A, vol. 191, p. 231,



http://rsta.royalsocietypublishing.org/

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

a
\

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 25

2
Further, taking AP as our unit, AN? =1 — % and QN? = r,* X ;15 Hence,
1

from (Ixix.):

3.7 = 0’ (AN? 4 QN?) = o0?AQ%

Therefore it Ao, in the diagram be taken equal to o, and Q=, be drawn parallel
to Roy, we shall have A3, = =, or we can scale off the reduced variability.

Thus the diagram enables us to see at a glance the reduction in correlation and
variability.

(6.) Let us now write down the results when an organ A is selected out of a group
of three organs, A, B, C, whose constants are marked by the subscripts 1, 2, 3,
respectively. Let w, = s,/o, and be represented, when required, by cos x;. Then
we find from (xIv.) (xlvii.):

— 9 r .. T3
Q’,'2 - 7'1" _ hla Xg = T3 o h/] e e e e e (].111.),

=0y {1 ( <:1> > } 0y {1 — sin? y; cos? 0,,}}

(liv.),
S, = oy {1 < ( > > = oy {1 — sin® y; cos? 0,3}

M7y €08 y; €o8 0y
Mo = (1= a2t = i — s v coP 0.
{1—Q ) 115} ~ V1 —sin X1 €08 by (Iv.)
. v.),
LT €08 y; o8 0,

T3 = =
1 {1 - (1 — M )7132}% V1 — sin? y, cos? 0y

8* 5%
(g3 — 1) (1 — )t T T
9 9

MR ey

o8 b3 + sin® x; cos 6y, cos 6,

— V(1 - sin? X1 €08 B,) (1 — sin® y, cos® 5

where, as before, we write #,, = cos 6,,. Let us also write 1,, = cos 8,,, and
sin x; cos 6, = cos a,q, sin y; cos 015 = cos ;.
Then we can replace the above results by
3, = oy sin S5 = oy Sin dyg,
cos B, = cot y, cot ¢y, cos @3 = cot y; cot a3,
CO8 By — COS g, COS 1)y

CO8 Byg = 7 T P (A4 1O}
B SIN (g SIN (g

VOL. CC.—A. E
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26 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

These equations admit of easy interpretation by spherical geometry.

Let P be the pole of the great circle DEFG. Take DG = 6,5, DE = 6,,, GF =0,
Join P to E and F; let the small circle of radius yx, round P meet PD, PE, PF,
and PG in d, e, f;, g respectively. Draw the arcs De and Gf. Let the small circles
with centres D and G and radii De and Gf respectively meet in Q. Join DQ and GQ.

Then the quantities required are :

S, /o, = sin DQ, 3, oy = sin GQ.
1, = cos Delf, iy = cos FfG, 1y = cos DQG.
. T T
For DE = 0,,, Ee = 5T X L DEe¢ = N
hence : cos De == cos 04 cos Ee = sin x, cos 0;, = cos @y, or ¢, = De¢;
similarly a3 = Gf.

Next, cos Deli=cot De tan elE=cot @, cot x;, or /. DeE=0,; similarly < FfG=0,.
Lastly, from the triangle DQG : DQ = ayy, QG = a3, and DG = 0,5, but

cos DG == cos DQ cos QG + sin DQ sin QG cos DQG,

CO8 Oy — COS )y COS )y

or, cos DQG = = ¢08 By ; or £ DQG = 0,

SiN (tyy SiN g
Thus all the relations can be expressed in terms of the sides and angles of a simple
system of spherical triangles. For the degree of accuracy generally possible in
biological and sociological investigations these triangles can be solved by a spherical
trigonometer, such as that sold by Krumr, of Prague® The changes, however,
which 1, undergoes for various values of #,, 7, 14y, are, indeed, far more ditlicult
to appreciate as a whole than those of 1), or vj5. In order that they may be followed
easily, and in order to solve directly to a degree of approximation sufficient for many
practical purposes problems in the influence of selection on correlation, my assistant,
Dr. L. N, G. Frnox, has kindly drawn up the tables which accompany this memoir.

* Tt will suffice fairly well for all but a few special values of 71, 723, 7a1.
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Of course to bring them within any reasonable compass we have had to limit the
values taken. In the first place we have considered only eleven grades of selective
stringency given by

s,Joy = 0, 1/10, 2/10, 3/10, 4/10, 5/10, 6/10, 7/10, 8/10, 9/10, 1,
the corresponding values of 1,5 in the tables are entered as
Ro, ,}11, Rz, )\)3, 1{1-9 RS) 1)\,6’ R7, RS, Rf}’ Rlo.

The tables are calculated for ry; hoth positive and negative, but »,, and » 4 are
always supposed positive. If 7, and 7, be both negative, then t,; will be the same
as if they were both positive. If s, and 7, be of opposite signs, then all we have
to do is to look out 1,4 in the table in which 7, has a sign the reverse of its actual
value, and having found the corresponding value of 1,5, then change its sign to obtain
the actual coefficient of correlation after selection. This follows, if 75 be the
negative coeflicient, by writing :

T3 + 713719 SIN ¥y

Ton == (= 79) + (— m3) (1) sin
BT VL= tsin? g} {1 =7t sin? g, )

T s ] (1= (= s

Lastly, it would clearly be very laborious to tabulate 1, for a very great series of
values of 7, 7, 79 Accordingly a selection had to be made of these coefficients of
-correlation. They were given the values 0, *25, 5, ‘75, and 1. These may be spoken
of as zero, small, medium, large, and perfect correlations, and the ranges 0 to ‘25,
25 to *5, *5 to *75, and 75 to 1, as the ranges of little, moderate, considerable, and
high correlation respectively. There would thus appear to be 15 combinations of values
for 7, 715; these are given in the key to the tables as (a), (), (¢), (d)... (m), (n), (p),
see p. 63. If these 15 values had to be combined with the 10 values (5 positive
and 5 negative) of 7y, and the 11 values of s,/o, we should have 1650 entries in our
tables. But this number is much reduced by the consideration that the expression
L — 1y — 715% — 1% + 2097 517 has for the real correlation of three characters to be
always positive. 1,3 can also never be greater than unity. Accordingly all values of
T43, 113, T'19, Which do not satisfy these conditions, have been excluded from the tables ;
they cannot arise in nature. A few impossible values of 1,; have been included in
the tables, but these are placed there solely for the purpose of finding by interpolation
values of 1,5, which are less than unity. The following purely hypothetical illustrations
of formula (Ivi.) and the tables will serve to indicate their use.

Illustration I.—Suppose the correlation of tibia and femur with each other to be
‘8, and of both with the stature to be ‘6. How would their correlation be altered if
the variation in stature were reduced by selection to half its present value ?

Let s,/o) = ) as before, and suppose 1,3 = R ; then let u,, 75, 713, 755 be the values
of the constants next below the required values occurring in the tables, and giving

B2
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28 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

oy == R ; let R" be the true value of 1y, corresponding to the values p, + 8u,, 7,5 + 8744,
715 - 0, 1793 + 01y Thus we have, as far as first differences :

R/ =R+ 10 (8,R) 3, + 4 {(4,R) iy + (4,R) 8y + (4,R) 315},

In our case py =+, 7= "5, 13="5, 1y =75, Su; = ‘05, &ry=38r;y="1,
81y = "05. Further, we look up Table IV. (), and the nearest case is (j) under R,,
which gives R = 67105. We then see that (A, R) 4 (A, R) = difference between
(j) and (m) cases = — '21455; (A, R) = difference between result in IV. () and
V. (a) = 32895 ; and lastly (A, R) = difference between R, and R, columns of ()
row of Table IV. (@) = *00535. Thus we find :

R = 671050 4 002675 — 04291 + ‘06578 = *6966.

The value by straightforward calculation of formula (lvi.) is *6981, the two results
giving substantially the same value 7. Thus we see that such a selection would
reduce the correlation of tibia and femur by 12°5 per cent.

Tllustration (11.).—Suppose the correlation of humerus and femur to be *5, and of
those with stature to 7 and ‘8 respectively. How would the correlation of humerus
and femur be modified by a selection of stature given by s,/o; = *5?

In this case, py =5, 7, = 5, 113 =75, 1y = "5, du; = 0, &1}y = 2, 8ryy; = 05,
813 = 0. We turn to Table IIL () and take out (k) under R;, which gives us
R =-3192. We have A, R= — 1841 and A, R = — 04185, whence we find
R’ = ‘1636, but the differences of the table are too great at this point for the
result to be very trustworthy.® Suppose we take u, and 7, as before, but =, = 75,
73 =75, and therefore R, to be found from (m}, = ‘1351 ; then &rj, = — ‘05,
Sri3 =05 and A, R = — 1841 as before, A, R = —-2995. Hence we deduce
R’ = -1120. The mean of these two values of R’ is ‘1377, and the true value
calculated from (Ivi.) is R’ = 1395, Taking 14 for the practical value, we see that
the correlation of humerus and femur has been reduced by this comparatively
moderate selection of stature upwards of 70 per cent. !

Hllustration (111.).—Suppose a case in which humerus and femur were not correlated,
but that both were correlated ‘7 with stature. What would be the effect of

selecting stature with the same intensity, .., s;/0 = *5?

Our best results from the tables will be to take R; (m) from Table 1. (@), which
gives R = — '7297.  We have then r, = 73 = ‘75, hence &rj,= — 05, 8r;;= — "05.
A, R is to be found from (m) and (k) and = — 3193 = A, R, and

R = — 7297 4+ (A, ,R) 8ry + (A,,R) 81y,
= — 7297 + 1277 = — “6020.
The actual value by formula is — *5810.

* Second differences onght to be used, and the process indicated is practically equivalent to using
them,


http://rsta.royalsocietypublishing.org/

s |
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 29

Now this again is a remarkable result; by selecting an organ correlated with
two others, neither of which are correlated with each other, we have produced a
considerable correlation, and what is more, one of a negative sign.

In other words, if humerus and femur were unrelated to each other, but were
related to stature, then a selection of stature would result in men of long femur
having a short humerus, and vice versd.

Tllustration IV.—Suppose the correlation between greatest length and breadth
of the skull to be 25, and between both and the auricular height to be 5. Now let a

1

stringent selection, % = %5, of height take place. What modification will there

1

be of the length and breadth correlation ?
Table II. (@), Ry, case (j) gives us at once the result—

Tog = ‘0033.

In other words, the correlation between length and breadth would be sensibly
destroyed by such a selection. Thus correlation can be created or destroyed or
reversed by selection.

The above illustrations, hypothetical though they may be, will suffice to indicate
how entirely dependent correlation is upon selection. We must look upon coefficients
of correlation, in fact, as just as much the outcome of selection as coeflicients of
variation, standard-deviations, or even the mean size of organs. No selection can
take place, in the sense in which it has usually been understood to take place—u.e.,
by a change of mean and of variability, without at the same time the means,
variabilities and the correlations of all correlated, but not directly selected, organs
being varied. This is true whether the non-selected organs be initially correlated or
not among themselves. We must always bear in mind this all-important funda-
mental conception, that natural or artificial selection, or even random sampling, are
in themselves active factors in the modification (7.¢., creation, destruction, or reversal)
of correlation. Thus not only is the impossibility of the constancy of correlation
for local races obvious, but the primary importance of insuring that our samples are
representative, and not accidentally selected samples, in all observations or experiments
on heredity, homotyposis, or organic correlation becomes more and more manifest.
We must not lay too much stress on two heredity constants— differing, for example, by
more than the probable error of their difference—unless we are convinced, which
practically it will be difficult to be, that all modification of correlation by unin-
tentional and unmarked selection has really been avoided.

(7.) Let us now take the next most simple case. If A, B, C, D be four mutually
correlated organs (in either the same or dyfferent individuals), and a selection take
place of A and B, to find the changes in the characters of the non-selected
organs. '
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Let subscripts 1, 2, 3, 4 mark the organs A, B, C, D respectively; let Ay, h,,
S, Sy, p1a be the constants which determine the selection of A and B; and let us
apply (xlv.) to (xlvii.). Here the coefficients will be obtained from the set for ¢ = 2
in (xxxiii.) and (xliv.). Hence we find :

1 7 9 / 9
3.2 = g2 {* — 7y’ =t — iy + 2757570, T3 Tasl1e 2/31 ? + (795 — T15T1s 3_2_\
3" — O3 ] 9 + 1 — 1 — ¢ 2

\ oy b o/

P13 7 Vo319 Tas — T3 515
+ 2p, 1 ? ; e T (A5 1T )

. 2 . 9
— Tyg L=y o0

A B R Y _ 9 /o \2
$2— g2 1 —mg® — 7 = 79 + 2079, (S 70312\2 S5 2 + Tor — 1412 )
4 = Oy 2 + ) 9

L=y L=y )

~ T ToM12 Ty — 114012 1% .
+ 20 Lot oo (lix).

myt L=yt ooy

79y (1 = 719%) — ygyy — oggy + P19 (71979, + 714703)
oy = Ta0
S0, 3074 { 1 — g

.

L—=ry' 1=y \o L= Ty

B e g 9 . Y " P
+ Tis — TosTe "y — Tol1n [ S 4+ To3 — T1aT9 oy — T2 [ S2
2 2 1 — .2
19

: AN
T3 = TagT1a Tay — T14T10 T Tl Tog T T13T12 | 515
-’er( + )— . (k).

=y L=y L—ry L=y ) oo

<
—
w
pS
—
o
>
O
]
»

To3 — T19713 8

*L-——-—”:)—"‘ - + ij ) P12

— 719

W

R

S
W

coe e (Ixain),

$325T0 = 8,075

Py — Vo7 S Poq = 107" S ..
S e 71 12721 1 9y T19714 o
81340y, = 5,0y { M + T P } oo (k)

. . Tor — Ta"1 So P14 19704 8 sy
833,00 = S0, {“*— el 2 i Pio e+ o . (Ixiv.),

Finally, for the change of means of the non-directly selected organs, we have:

Vs — T19713 Og

;o f T e g, o (Ixv).

3 | L—7y oy ‘2 ( )
” P9y O — 7197 O, .

fU/A, —_ 17 /),12;24 4 ] + ) Mm 14 ”4 he o . ... (IXVL).

RaATY

If we write (Ixv.) and (Ixv1.) in the form—
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%)—:Blsash + B h’}]

(Ixvii.),

¥y = /811 7’/1 + B Ulk J

the B's are the partial regression coetlicients, and the whole solution can be expressed
in terms of them. Thus:

Sy

TN o /s, \? o 518,
25" = oy {1 — Bigris — Basras + 5132(*]“> + By’ <a—> + 2p12B1585 “1“} (Ixviii.).

\ 01

3.3

g2l == 0307 { 50 = BisT — BT + BlaBll< > + BasBay ( )
+ p1a (BisBas + BasBus 6182 } I b & )

§ Sty = 8,0 {:815 + puBa ;;} C o (Ixx).

Thus the whole series of results can be easily calculated, if the regression coeflicients
are first calculated.

I may make some remarks upon these results. A formula equivalent to (lxviii.)
was first given by me in my memoir on “Heredity, Panmixia, and Regression”
(‘ Phil. Trans.” A, vol. 187, p. 303), and used for certain problems of inheritance, and
conclusions drawn from (lxix.) or (lxx.) have been cited or-indicated in other
memoirs.

Some interesting results follow at once. If the selection be very stringent, s,/o
and s,/o = 0 sensibly, then all correlation between a selected and non-selected organ
is destroyed. But

oy = Py (1 = 11%) — Prriy — TagToy + 71 (Mg + T14753) (xxi )
BTV =g = g Zepgryggg) (1= gt = gt — P b 2rygryg,)

This is what 1 have termed a partial correlation coefficient—i.e., the correlation
between C and D when fixed values are given to A and B. So far as I am aware,
such coefficients were first directly used by Mr. G. U. YuLr in certain economic
problems.* They are of very considerable interest, but for natural or artificial
selection are not quite so important as the generalised form (Ixix.), for we generally
select about a mean value, and not absolutely at it.

It will be noticed that the coefficient of correlation of two non-selected organs
differs from the corresponding partial correlation coefficient by terms of the square
order in s/o, but the coefficient of correlation of a selected and non-selected organ

* «Roy. Soe. Proc.,” vol. 60, pp. 485, 488 ; ‘ Liconomic Journal,” December, 1895, and December, 1896.
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32 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

differs from zero by terms of the first order in s/o.  Hence, when selection is intense
(s/o- small), we may neglect the former as compared with the latter, and we have
thus the basis of a method of approximation very useful in some cases.

I have not yet succeeded in giving a geometrical interpretation to the above
formulee, but have little doubt that it would be quite easy if the * spherical”
geometry of four dimensioned space were more familiar to me. It will suffice to
observe that it is easy to find cases in which the correlation of a non-directly
selected organ with a directly selected organ, or with another of its own class, can
be reduced, destroyed, increased, or reversed. In fact, all our previous warnings as
to the caution necessary in avoiding unintentional selection in collecting material for
testing correlation remain in force, and, indeed, are emphasised.

The following illustrations will indicate the kind of problems which may be
attacked by such formulee as the above :—

(8). IrrustrATION L—Influence of « Selection of the Long Bones of the Leg on the
Long Bones of the Arm, and on the Relation of the Leg to the Arm.

A numerical example will throw light on the application of the above formule, and
effectively illustrate the manner in which a selection influences size, variation, and
correlation.

Consider the long bones femur, tibia, humerus, and radius, indicated by the
subscripts 1, 2, 3, 4 respectively, and let m,, m,, m, m, be the mean values in
centimetres. Then the following numerical values are given in a memoir by Miss
Avick Lee and myself :—*

French &. Aino &.
iy 45-23 40-77
9y 36-81 33-89
mg 33:01 29-50
Ny 24-39 2155
oy 237 1-90
oy 1-80 1:67
a3 1-54 1-34
oy 1-17 1-06
713 +842 858
714 744 789
P93 860 745
94 -780 865
7’34 +845 776

* ¢Roy. Soc. Proc.,” vol. 61, p. 343 ¢f seq. The correlations are not worked out for exactly the same
lengths in the case of the two races, but the numbers will serve quite well for the purposes of illustration.
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 33

Now let us select from the French population a group having the same
characteristics of the long bones of the leg as the Aino population, and then compare
the characteristics of the arm bones of this selected group with those of the Aino
population.

Our selection is given by :

hy = 40°77-45'23 = — 446,
hy = 33:89-36"81 = — 292,
si= 190 p, = 827,
s, = 167.

The following constants must now be determined arithmetically :

s)Jo, = 1°90/2:37 = 802,
sy/oy = 1'67/1°80 = 928,

Tyg — P07 : Poa = 11577
s T T __ L op s Ty
= 426, = 518,

2 2
1 — 7y, 1 -7,
"1e — Mgl 399 Toa — TigTy ‘515
1—r,2 g 1—=r2 ’
12 : 12

e 8 2 D
1= 7p® = 7ag® — 757 4 297579

= 196,

2
1—r,

R ST
1 —mg? —m? — 1+ 21y 0

354,

— 2
1=y

. D (o .
Pyu (1 — 745%) = Py — TogPyy + 715 (1350790 + 71708)
1 — 2

= "125.

If 2’5 and «’, be the mean humerus and radius ot a femur-tibia selection from the
French population, we have from (Ixv.)—

a/y = 33°01 + 277h, + *443h,,
/, = 2439 + 162k, + 335h,.

These would give the effect of selecting any femur and tibia defined by A, and A,
from the mean values of the humerus and radius. For the particular selection
indicated above :

Wy = 3048, @/, = 2269,

both of which are about a centimetre in excess of the Aino population. By selecting,
therefore, from the French, a population with a mean leg like the Aino, we should

still find the average arm of this population some two centimetres greater in length
VOL. CC.-—A. F
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34 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

than the Aino. The variabilities 3, and =, of humerus and radius for a population
selected from the French by femur and tibia are obtained from (Ixiii.) and (lix.).
We have :

2 "/t.» \\'2 N © b
2o = 196 + 181( ) + 268 ) +2—i—7‘zpmx-221,

91, T/

P .
3o = 354 4 108 (~) + 265 < 3) d2 B X 169,

\ 01
These give for the particular case :

S,= 139, S, =111

3
Turning to the correlation of humerus and radius, we have by (Ix.) :

gy

s / 1 % |,
= 3 24{1254- 140( \ + 267 > 1 -389 pl% 02}
giving for the particular case :

' Ty = 799,

It will thus be seen that if we selected from the French a group with the same
variabilities and correlation of femur and tibia as the Aino, the variabilities and
correlation of the humerus and radius of this group would not be very different from
those of the Aino. On the other hand, the correlations between upper and lower
members would be very significantly different.

_Generally we have by (Ixi.) for selection from the French :

‘{426 3+ 4 518,3-:}

3

M9

Ty =

I = ‘?ﬂ-{~329 g 515p°

2
4 (] 0y

|4

Q|
=

r%:—z%{ms > 426 p L }

Ly, = 2';{-515 2+ 329 p

These yield for our particular case :

These are all smaller than the corresponding French values, the selection has
reduced the correlation, but the Aino population has in all the cases but 7,5 a greater
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 35

correlation than the French. We must accordingly conclude that by a leg selection
from the French aimed at reproducing the proportions of the Aino leg, we should not
obtain an arm equivalent to the Aino arm. The divergences are indicated in the
accompanying table :—

Selection from the French. Aino. Uil,izlrfgﬁ.ed

Mean humerus . . . L. !. 3048 2950 33-01
5 Tadins . . . . . . . 22-69 2155 24-39
Variability of humerus. . . . . ‘ 1-39 1-34 1-54
’ radius . . . . .| 1-11 1-06 1-17

Correlation of humerus and radius . ! 799 776 845

. ,, femur and humerus . ! -819 858 ) 842

) ,, femur and radius . 1694 789 "T44

. ., tibia and humerus . | -845 745 <860

' ,, tibia and radius ( 768 <865 780

There is, of course, no special reason for supposing that the French and Aino
differ merely by an evolution which has acted by selection of femur and tibia. We
might have obtained a race out of the French more nearly akin to the Aino by a
selection of femur and humerus, but the process would numerically be exactly
similar. The particular illustration here chosen is taken merely as an instance, to
indicate how the methods developed in this memoir enable us to ascertain with
quantitative certainty how far racial differences may be due to the more or less
stringent selection of a limited number ot organs in the one race.

If we consider that local races have been differentiated from a parent stock by
the selection of the chief or more markedly divergent organs, then we have in
processes such as that just illustrated a method of ascertaining, at least tentatively,
whether two races are to be considered as merely local varieties, and further the
particular organs through selection of which the differentiation has taken place.

TrnostratioN TL-——TInfluence of a Selection of Femur and Humerus in Modifying
Stature.

The following data have been calculated for me by Miss Avick Lg from RoLLer's
measurements on the French —*

* They have been undertaking, with the view of determining more scientifically than appears to me
yet to have been done, the mean stature of a race from a measurement of the long bones found in burial
mounds, &c. ROLLET’S measurements are given in ¢De la Mensuration des Os longs des Membres,’
Lyons, 1889. I hope shortly to publish a memoir on the subject. [The memoir in question was published
in ¢ Phil. Trans.,” A, vol. 192, pp. 169-244, 1898.]

¥ 2
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|
4 ?
Mean stature, my . . . . . . . .| 166-26 cms. 154-02 cms.
Variation of stature, oy . . . . . . 5:50 5-45
Mean femur, my . . . . . . . . 45-23 , 41-57
Variation of femur, o, . . . . . . 2-37 ,, 226
Mean humerus. mz. . . . . . . . 33-01 29-77 ,,
Variation of humerus, o5 . . .. 1-54 1-53 ,,
Correlation, femur and humerus, 723 R 842 872
" stature and bumerus, 73 . +809 771
' stature and femur, 75 . . +811 +805

Now let us select from among French males a group having the same variability,
correlation, and mean size of humerus and femur as French females, and let us ask
how this would alter the variability (%), mean size (M,) of stature in French
males, and also the correlation between stature and humerus (1;5) and stature and
femur (1) |

We have at once from the second column—

hy = — 366, hy = — 324,
s, = 226, Sy = 133,
pas = 872,
whence we find,
T1g T Tos? 13__ 447, T3 — "23712__ 433,
1 — 7y : 1 —

From (Ixv.) we deduce,
M, = 16626 + 1:087h, + 15464,

This formula gives the stature of any group of males selected from the French,
and having their femur and humerus respectively /i, and /; centims. longer than the
average.

For the special selection referred to above, hy = — 366 and Ay = — 3:24, hence

M, = 16626 — 379 — 5:01 = 157°46.

This example shows us that if we selected French men with the same femur and
humerus as French women, it would be the selection of the humerus which would
contribute mostly to the reduction of stature—a somewhat singular result. Further,
such a selected group of French men would be still some 3% centims. taller than the
average of French women (instead of about 124 centims.). Probably had we
selected the tibia as well, the greater portion of this remaining advantage in height
would have disappeared.
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To find the variability in stature of the selected group we must use (Iviii.). We
deduce :

32=o0? ! 287;1— 200( ) + 187 <i > + 387 2% p}.

0‘0 Oy

In our particular case this gives :
S, = o, X 987 = 543,

The actual variability in stature of French women is measured by a standard
deviation of 5°45. Hence our selected group of men would be sensibly equally
variable with French women, as far as absolute variation is concerned

Lastly, from (Ixi.):
- i { 447 > -+ 433 “"pOS}

=3 X 8017 = 812,

Such a selection, therefore, would accordingly only increase insensibly the corre-
lation between stature and humerus, while leaving that between stature and femur
the same. The sensible reduction of correlation between stature and humerus (-809
to *771), which is found as we pass from male to female, does not arise when we
select a group of males with their femur and humerus of the same length variation,
and correlation as those of the females.

TruustrarioN II1.—Influence of a Selection of Stature in Modifying Femur
and Humerus.

Let us select a group of French men having the same height and variability in
height as French women, and calculate the changes which will arise in their femur
and humerus.

Here the selection is given by :

hy = — 1224, s, = 545,
We now need only the earlier formulee of this memoir. From (L) we find

- M, = m, + 349k, M, = my+ 227h,.


http://rsta.royalsocietypublishing.org/

VA\
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

3

\

L2

y i
///

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

38 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

These give for our case :

M, = 4095, M, = 30-24.

Thus a group of males, selected to have the same stature as the females, would
have a slightly shorter femur and a slightly longer humerus. A slightly longer femur
in woman and a slightly longer humerus in man would thus appear to be sexual
characters.

Turning to the variations, these are given by (xlix.). We find:

3, =236, 3, = 153

This shows us that while the selection would give the same variability of humerus
to the men that women have, it would fail to produce the reduction of variability in
the femur, which is characteristic of the women.

From (li.) we deduce

Lo =808, 1= 806,
while from (Ivi.) we have

Thus we see that very small changes would be made in the correlations, stature
and femur, stature and humerus, and femur and humerus, if we selected French men
to have the same size and variability of stature as French women. The explanation
of this lies in the nearly equal absolute variability of the two sexes with regard to
stature, for, as we have seen, it is the selection of variability which modifies correlation.
Looking at the table of values on p. 36, we see that the largest difference of
variability in the two sexes lies in the femur, and accordingly it is from a selection of
femur that we should expect the greatest differences in the variability and correlation
of the two sexes to have arisen, but even this difference alone would not account for
the observed sexual differences in the correlation. Indeed, it would be surprising if it
did, for the selection of other organs, notably the pelvis, must have played a con-
siderable part in the differentiation of sex.™

(9.) I shall now proceed to a series of problems, which will show the application of
results, such as those obtained in this memoir, to questions which arise in dealing
with inheritance and selection. If we suppose a general population to have statistical
“ constants,” which remain constant at any rate for a moderate interval, we still want
to know not ounly the error which may arise from a random sampling, but also the
sort of effect which results from our sample being too much drawn from one kind of
environment, from a rather limited class, or from any other practically necessary or
unconsciously introduced limitation of the random character of our sample.

* «Primitive man and woman are more nearly equal in size, variability, and correlation than highly
civilized man and woman ” (* Roy. Soc. Proc.,” vol. 61, p. 354).
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 39

TuuostrarioN L—T10 find the Influence on the Intensity of Parentol Heredity of
the Selection of Parenis.

Let the subscripts 1, 2, 3 refer respectively to father, mother, child. Let us first
select one parent—say, the father—very stringently, ¢.c., s,/o; = p, 1s small. Then we
need only equations (xlix.) and (li.). These give us:

LT

EERRVAEN (RO Tk
and
3=yt (1= (1 — ) ryy?).

Uy = M

or, we see that 15 will decrease, as u, decreases. Thus if », = "4 we have for

The first may be written
Aty

. 1—7
9 15
(AT

/J11 == 1/2; r].S = .2132, 22/0’2 = '8367,
= 1/4, T3 = '1085, 3y/oy = 7906,
p = 1/8, T3 = '0545, 3, /oy = TT786.

It is clear, therefore, that the correlation of parent and child will be much reduced by
such a selection. On the other hand, the regression coefficient will not be altered, z.e.,
Sor1s/8) = ogrya/oy, as we have seen. Hence in problems of heredity, where we
suspect a parent to have been highly selected, we should seek for the regression of son
on parent rather than for the correlation. Thus in the case of Basset Hounds,* some
if not all the reduction in correlation between sire and offspring may be due to
selection of the sire. A test of whether the reduction in correlation is due to
selection of a parent ought to be given by a comparison of s, and =,. We cannot,
I think, suppose, unless natural selection be very stringent, that o, differs much from
o Hence it follows that 3,/s; ought- generally to be large, if there be selection of
a parent. We can hardly test this point effectively in the case of the Basset Hounds,
owing to the nature of the classification. In racehorses, although the sire appears
to be far more selected than the dam, there is not a great reduction of the coefficient
of correlation between sire and offspring,f s, appears to be less than 3, but not so
greatly and certainly less, that we can be surprised that the correlation of sire and
offspring is not much less than we have found it for material in which selection of the
father is certainly far less marked. We must accept the warning as to the reduction

* ¢Roy. Soc. Proc.,” vol. 66, p. 157.
T See ¢ Phil. Trans.,” A, vol. 195, p. 93.
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40 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

in correlation produced by the stringent selection of one parent, but we must
remember the complexity of the factors—the variety of other influences at work in
selecting and modifying selection—before we lay much stress on this source of
alteration in parental correlation.

Now let us deal with the case of both parents selected, and suppose their selection
given by s/o; = py, Sy/oy = pg, and the change of their coefficient of assortative
mating from 7, to p,.  We have from formule (Ixviil) and (Ixx.) by a little

rearranging
37 =o' {1 — B (1 - MZ) — By (1 — 4“22) -2 (7"1.-2 - lewz) B3B3}
Satyy = o {13 — (1 — :‘“1) By — (115 — P.m“:z) Byt - o o o o (Ixxi),

where B3 = (115 — 193715) / (1 — 115%), Bag = (135 — 7iy70) / (1 — 15%).  Now let us take
special cases to bring out points. Let us suppose 7, = 0, or no assortative mating to
exist, and let us enquire what change would be made in parental correlation if we
selected parents who had assortatively mated, without altering their variability, e.,
let us take p; = 1, uy, = 1, we have at once

S = o (14 2pporig7es) - - - - . .. (Ixxidil),

23]:13 == G-S (7‘13 + P]g?‘zg) . . . ° . . . . (].XXiV.),

whence we find for 75 = 7,3 = "4 and

p1p = 1, Sa/oq = 1°0149, 15 = '4335,
P = 2, = 10315, — 4653,
P =3, = 1:0469, = 4967,
P =4, = 10621, = 5271,
Pz = "9, = 10770, = 5571,
P =1, = 1-1489, = '6963.

Thus the general effect of assortative pairing of parents is to increase the correlation
between parent and offspring sensibly, but not to very rapidly increase the variability
of the offspring. Thus marriages within a class would, if heredity statistics were
collected for a class, tend to show increased pavental correlation. Very high assorta-
tive mating no doubt occurs with some forms of breeding, and we may well find in
such cases higher values of the parental heredity than we should obtain for a popula-
tion of the same species with random mating. I think this may be an effective factor
in the raising of the parental correlation in the case of coat-colour in thoroughbred
horses.
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Now let us see what happens if we select both parents moderately. As test cases,
let us take u, = u, = '8 and ‘5, and for the extreme = 0,

&

We have at once

Ss= o0/ 68 4 32 (1 +pp) « . o o (Ixxv),
Bty = oy M (L p)d o o0 (Ixxvi),
Hence we deduce
pr==pra= 8. pr=pz= 8. pi=pa=0.
P12

23/”3' Tis. z3/0’3 T3, E3/0'3- ti3.
1 -9515 -3700 8764 2865 8246 0
9 +9622 +3991 - 8809 +3093 +8246 0
-3 (9727 4277 -8854 *3316 - 8246 0
4 *9832 4556 +8899 +3535 8246 0
) +9936 <4831 8944 +3750 8246 0
1 10438 6131 9165 4762 8246 0

This table is very instructive. It shows us that selection and assortative mating
are factors of opposite influence; that if selection be only moderate, then with
considerable assortative mating the coeflicient of parental corvelation may be
increased, but if selection be stringent, then assortative mating cannot counteract,
even if as high as 5, its destructive influence on parental correlation.

For example, if we take parents remarkable for some intellectual or physibal
character, say with a variability only a very small fraction of that of the general
population, then, however proportionately we might pair them, we should find their
relationship to their children, as measured by the coeflicient of correlation, very
sensibly reduced below that of the general population. I think we have here the
reason why Mr. GarroN’s Family Data, which were drawn from a rather narrow
class, and had only a small coefficient of assortative mating, give so much smaller
parental correlation than my own Family Data, which seem to me drawn from a
wider class, and have a considerably higher assortative mating.*

It will be clear that with factors like assortative mating, natural selection, artificial
selection of breeders, unconscious selection of material from one class or one environ-
ment, modifying our coefficients of heredity in one or another direction, we can hardly
hope for more in practical statistics than an approximation to the strength of the
pure inheritance factor by dealing with the average of as many races and characters
as possible.

* The work for Mr. GaArron’s Family Data is given, ¢Phil. Trans., A, vol. 187, p. 270. My own
results are as yet unpublished. The average value is about 45, as compared with Mr, GArToN’s - 34
VOIL, CC.—A. Gt
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TLLustRATION 11— T0 Find the Influence of Parental Selection on Modifying
Fraternal Correlation.

Let the subscripts 1, 2 represent the parents, and 3 and 4 two of their offspring.
Let us first select one parent only, the selection being given as before by s,/o; = p,.
Our formulee will now be (liv.) and (Ivi.). So far as the change in variability is
concerned, we have ah‘eady discussed it under our first illustration, so we need only

consider :
53 Q.
(73, — 1) (L — ) + w1y

Ty = 77— SVRETET == Ixxvii.).
V=0 =)l = 0= )yt ( )
Now 7, = »,, if the offspring are of one sex ; hence :
1y gt (L — )

Tgy == S o0 o (Ixxoviin).
o L—7g (1= ) ( )

If we take », = "4 and 7y, = 5 as reasonable values, we have
o+ Loy ' (Ixxix.)

B3t = g4 116y,

Thus 1,, will be greatest when wu, is greatest, s.c., when there is no selection, and
will decrease with g, until it reaches "4048, when pu, = 0, or there is selection of
fathers of one value of the character only.*

The selection of one parent only does not, therefore, 1mmensely modify the
correlation of brothers. Still, if we work sensibly with one class of the community—
say, men of genius—we should expect to find their sons rather less like each other
than if we worked with the general population of brothers.

Now let us select both parents. Here again the variability of the offspring has
already been dealt with. We are concerned with equation (Ixix.), and we shall put
Py T2 1y, 5 Tag = Ty, = 7, OF make parental influence equipotent for the two sexes.
Hence

613 — IBZS - BU"‘“B% i B

1+9m

where 7 is the pavental correlation, and »,, the coefficient of assortative mating.

Hence we find
7y — Bl — i + 1 — ) + 2(ry — props)} (IXXX )
L=l —p?+1—p+2 (g — Pratita) }

Tsy

To reduce to numbers, suppose p; == p,, and 7, = 0 for the general population. We
have
=2 {1 — (1 + pyy)5

(lxxxi.) v

. 754 = Tyg”
* In general the value of 3, ranges from 43, down to %i—?’i% .
— 1713
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 43
Hence if we put 3, = 5, and r = 4,

L = 18 + *32u° (1 + pyy)
34T .68 + .3:/&[9(1 <+ Plﬁ)

(Ixxxii.).

The following table will suffice to indicate the changes which take place, when we
give a series of values to u, and p;,. Thus the first row gives the influence of selecting
parents without any assortative mating. We see that with increasing stringency of
selection the reduction of correlation is very considerable, and that with such selection
the influence of assortative mating becomes less and less. Nevertheless, assortative
mating can produce quite sensible results, if there be little or no selection. I am,
indeed, inclined to think that a good deal of the high values found for the fraternal
colour correlation in the thoroughbred foals® is due to much assortative colour mating
in sire and dam. Of course it cannot be all due to this source.

Varues of Fraternal Correlation with Parental Selection.

p=1. pp="8. = "6. =4 = "2. m=0.
pr2=0 5000 4349 3712 3162 2783 2647
prz="1 5155 4477 - 3802 3209 2796 2647
piz="2 5301 4599 - 3889 3256 * 2809 2647
piz="3 5438 4716 13974 3303 2823 2647
piz= "5 5690 4935 4137 3392 2849 12647
pra=1 16212 5411 4508 3609 2914 2647

On the whole, I think, we may conclude, so tar as the relative influences of sexual
selection in the form of assortative mating and natural selection go, that :

Both sexual and natural selection can sensibly modify the intensity of inheritance
as measured by the coefficrent of correlation, the former tends to raise, the latter to
lower, tts wntensity. But the effect of the latter, if at all stringent, s to completely
mask the effect of the former.

In fact, we may write
i ] - :1.,:,?'3%,» .

t T =202 4+ 22,2 (1 + py)’

Hence the smaller u,*(1 4 p;,), the smaller will be fraternal correlation. This
varies as the square of u, and only as the linear power of 14 p;;. Thus we see at once
why stringency of selection is far more potent than assortative mating. ‘

ItrustraTioN IIL.—Z0 find the influence of selecting two organs A and B in
a parent, on the correlation of the like organs A’ and B’ in the offspring.

Let the organs in the parent be denoted by 1 and 2, and in the offspring by 3 and 4.
Suppose the organic correlation of the two organs in the general population to be 77,

* ¢ Phil. Trans.,” A, voi. 195, p. 93.
G 2
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44 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL

s0 that 7, = 7y, = 1/ before any selection takes place. Let », the correlation of the
organs in the parent and offspring be supposed to be the same for both organs; then
7 =1,y =1y, Finally we have the coeflicients of cross-heredity, 1, and ry. These
must vanish if there be no heredity and no organic correlation, and should be perfect
if both these are perfect. Hence we will take 1, =r,;== 1" as a probable hypothesis.*
With these values of the correlation coefficients we easily find

By =1= By, By= P, =0.

Hence from (Ixviil.) and (Ixix.) we have

o

SP=0 {1 — 17 4 1l Sp = Lt et L (Ixxxdil),
7 (L= 1) + iy

Ty = \/{l — 4 7,2#12} {1 . 7~>+ ,rsz#gz} ¢

(Ixxxiv.).

For simplicity, suppose the stringency of the selection to be the same for both
organs, then :

. <)
2
" 9 T
7 Prapy 1,5

\
Ty = 5

1+ /“ng

1 — 2
If =4, and p, =,

L+ o’

/
Tog == 1 X
o L+ g m?®

The following table indicates the value of 14,/ -

=1 py= 8. pp= 0. =4 =2, p =0,
. v } |
v=1 1 1 1 z 1 1 1
v=08 +9680 L0783 19872 9941 +9985 1
v=0-6 <9360 9565 19743 19882 *9970 1
v=0"4 +9040 19348 *9615 10823 *9955 1
y=09 8720 9131 9487 *9763 9940 1
v=0'0 8400 8913 *9358 *9704 *9924 1

It will be clear from this table that if the selection be at all stringent, no reduction
of organic correlation in the parents will affect substantially the organic correlation in
the offspring.

On the other hand, if v be > 1, we can have considerable modifications in the
value of the correlation, even if the selection be stringent.

* See ¢ Roy. Soc. Proc.,’ vol. 62, p. 411, Thave & good deal of data 611 the value of these crossheredity
correlations now reduced and soon to be published.
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SELECTION ON THE VYARIABILITY AND CORRELATION OF ORGANS. 45

Thus we have the following values of 15,/7/, if :—

m=1. pp= 8. pp="0. ;le‘é. pr="2. p=0.
y= 2 1-1600 1-1087 1-0642 1-0296 1-0076 1
=10 24400 1-9779 1-5775 1-2662 1-0681 1
=50 8-8400 63243 4-1448 24492 1-3705 1
Lastly, if ¢/ =0
¢ 1
3 Pre T 21 1
~ 5
1+ 10
or, T3,/p1o Is given by :
| | |
} P = pi="8 pr= 6. m= ‘4. m="2 | p=0. .
¥34/p12 } 1600 } 1087 t +0642 10296 ' 0076 l 0 1

Thus, even if there were no correlation between the organs A and B in the general
population, still a selection of parents in which such organs were correlated would
lead to offspring with correlated organs A’ and B, The amount of such correlation
would only be 1600, if the variability of the parent were not selected, and would
diminish rapidly with stringent selection of variability. Still 1600 is quite sensible,
and would, if the selection continued for a few generations, continue to increase.
Thus we see how selection of a pair of organs in a parent may increase or even create
correlation between the like organs in the offspring.

The reader will find other interesting illustrations in tracing the influence of an
absolute selection of one parent only on the correlation of the offspring, e.g., relation
between pairs of foals which all have a common sire, the influence of selecting an organ
A in the sire and an organ B in the dam on the correlation of the organs A and B in
the offspring, the influence on assortative mating of selecting parents of men of
genius,* and in many other problems.

(10.) It is not without value to consider how p,, arises in the case of natural or
artificial selection. Suppose we have two organs, A and B, then we shall endeavour

(i) to give these definite values, say @ and v, but we shall not be able to get all our
individuals with such absolute values, we shall select with certain deviations from

@ and 3, given by @ =z 4 o' and y =y + ¢/, say. Further, we shall endeavour to
* This is a peculinrly interesting case, for if we select men of remarkable intellectual ability, we should

expect to find both parents above the average of the general population, but with a negative correlation
between them amounting at a maximum to - * 1905,
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46 PROFESSOR K. PEARSON ON THE INFTLUENCE OF NATURAL

make y some function of z, say y = f'(x) ov y + 9 = f(x) + o' f () + -1% J (@) +. ..
by Tavror’s theorem. Buty =f (x) and 2’ is small, so that our attempted relation
will be of the form :

Y = mx’,

Here m is the slope of a line to which we endeavour to confine the selected organs.
But we shall not be quite able to exactly hit this relation off ; when a’ = ¢, we shall
find that o = me - n, where 7 is a small unavoidable error in selection of 7% uncor-
related with e, Thus, if s, and s, be the selected variabilities, we shall have :

1oy 1 : 5 __ 1 9
s = S ({y7) = 2 (me+ ), 2= -5 ().

1
Therefore : 8,0 =m¥%* 4+ — S ().
(i )
S (s’ S{(me + n)e ms,? ms
Further : Pra =" yw) _ Silne +mep _ms® _ ms
75,5, 18,5, 815, 8y
1
and therefore : " S (7°) = 8,2 (1 — pid).

Or, p,, is at once obtained from the slope of the line m, by which we endeavour to
fix the relationship of the organs A and B. Or, again, we may look upon
5,1/ 1 — pp* as a quantity measuring the mean divergence of the B organ from that
absolute fulfilment of the relationship between A and B which we are striving to
attain.  Thus p,; is a quantity which naturally arises in every attempt, whether
artificial or natural, to select organs having a definite relationship to each other.

Much the same considerations arise when we select three or more organs. In each
case the selected coefficients of correlation are constants which enable us to express
(i.) to a first approxima’cion the form of relationship we are aiming at, and (ii.) the
average degree of divergence from absolute fulfilment of this relationship.

Thus, without regard to any particular distribution of frequency, the s’s and the
p’s are the appropriate constants to express approximately the nature of any form of
natural or artificial selection.

(11.) On the Probability of Survival and the Surface of Survival Rates.

In the course of the present paper 1 have assumed that when measurements are
made on any population for a complex of n organs, the frequency surface may be
taken as approximately normal. If this holds for the population before and after
selection, and measurements made on many groups at different periods of life seem
to indicate that it is approximately true, it follows that we can determine the form
of the probability of survival as a function of the means, variations, and correlations
of the selected and unselected populations.
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 47
Let the unselected population be given by
Z = Zyexpt. — Ficpz® + e + . L cu)?
+ 2@y + . A 20 ). . (Ixxxvi).
Let the probability of survival be given by
p=pof(e—ky, wy—ky wy—lky. . @w—k) . . (Ixxxvii),
where f'is at present an unknown function, which is to be a maximum for
=k, wy="k, ay=1ksy... =k,
and, if’ the selection be at all stringent, to take rapidly decreasing values as
X, —ky, wg—ky x5—Fky... 2, —Fk,

take increasing large negative or positive values. It will be clear then that the
individuals who are  fittest to survive,” 7.e., have the smallest death-rate, are those
whose organs are defined by :

oy =k, wy=rly ... %, =k,

and fitness generally will be measured by the closeness of the individual to these
“fittest ” individuals.

In order to find the surface of" survivors, immediately after the selection if growth
be taking place,* or at any later stage if growth have ceased, we have only to multiply
Z by p, or: '

r=ZXp . . . . . . . . (lxxxvii),

is what in the earlier part of this memoir 1 have termed the selection surface. Now
if this selection surface be itself normal, it will be of the form :

z =1z expt. — & {0y, () — 7)) + byy (wy — )* + . ..
A b (20— ha)* 4 2byg () — b)) (g — by)
— oo+ 20w (@i — ) (2, — hy) .o (Ixxxix.).
Here, as in the value of Z, all the constants by, byg, . « « by, b1y . -+ bu_y » are known
in terms of the variations and correlations. If there be selection of ¢ organs only
out of the n, then b, 1 .., ... b, by 15 Oy gits - - - busyyuy will all be zero. Since by

Equation (Ixxxviil.) p = z/Z, it follows that the function f which defines the prob-
ability of survival must be of the normal exponential type, or

* T propose to deal in another memoir with the important problems of slow selection during rapid
growth, and of secular selection during several generations,
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48 PROFESSOR K. PEARSON ON THE INFLUENCE OF NATURAL
Sy = by g = kg, ooz k) = expte — & {ay () — 5))* 4ty (0 — ko) + ..
+ 2”1,‘3 (ml - kl)(xﬁ - /‘:,2) e e + 2(\1%-'1,?; (‘/E/zul b a':,,__l)(x,., hond k,,)} f (XC.).

Thus, to determine the probability of survival, we require to know the values of
the «’s and 's in terms of the b’s, I's, and ¢’s.  The shortest method of finding p, is
toput @, =k, xy =k, ... 2, = k., and then note that :

gy = Iy, ay =y, ... = k)

Dy == - S (xel),
Lo Loy ==y, my=ly ... 0= 1) ( )

Since p==z/4, and z=p/l,

we see that the relations for p, given z and Z, and for z, given p and Z, are cyclicly
interchangeable if at the same time we change e to — ¢, ¢y to ~— ¢y ... ¢y to
—Cye v Cpyy 10 — ¢y I oy, 0 .. 0, be the standard deviations of the
unselected population, this amounts to changing o, o, . . . o, t0 A/ — Loy, /= 1o,
oo = 1o, respectively. Thus the results which give the probability of survival
in terms of unselected and selected populations can always by an easy interchange
be used to obtain the selected population from a knowledge of the unselected
population and of the probability of survival.

Let the unselected population be defined by i, m,, ... m, o, oy, ... oy, and 7,
Py Togs o v o T ne ‘

Let the selected population be defined by m 4+ Hy, my + H,, ... m, 4 H,, %), 2,
oS, and 1, Tygy Ty o - - Tasiae

Let the constants of the probability of survival function, or a;, ¢y, ... @,
Gy v o« Gy be expressed by ), Sy .o\ Su Pras Pigs - « - Paera a8 i 1 were a normal
correlation surface.®

Then the problem will be solved, if we know the %'s, s’s, and p’s in terms of the os,
1’s, H's, &'s, and t’s.

Equating the squares, products, and linear terms in the a’s in the equation
p = 2/Z, we have at once the system :

oy == Do = Cun 1 ' S (XCi.I.),

e =2 Dy oo Cp [
for all values of © and v from 1 to n.
— Uy = ke — = Gk = o = Ak,
=—-b,H ~-0.H,—-...~0H, —...—0,H, . . (xciii),
for all values of » from 1 to n.

o

¢ These must not be confused with the sy, 5, . . . 84 pi2y piz, P23, -+ + Py g1 constants of the g celected
organs of the previous discussion, The new gnantities may be in part imaginary.,
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SELECTION ON THE VARIABILITY AND CORRELATION OF ORGANS. 49

It we now substitute from the first two equations for the «’s we find :

(en = ba) by +(co = V) by + . o (co = b b + o oo F (o — i) B
=—0,H -0.Hy—... = 0,H, —...=0,H,. . (xciv.).

Now let A be the determinant

ey — by, ea=—"Dy cg=—10by . . . oy — by,
Cpp = by, Cog = byy, Cyg—Dy3, . . . oy — bu,
Cop = by Cyy = Dgyy,  Cyp=Dys . . .y — Dy
Cpp =™ bnl, Cup — bnz; Cypz = bﬂzh . . . . Cup =™ b;m

and A,, the minor of its uv™ constituent.
Then we have at once :

A X kv = A’L‘l (bllHl + leHQ + DI + blan)
+ Dy (b H, + by H, + . . . + b, H,)
+ Ab& (bng + bg’)H —i" b}}H . + bS}tHlZ)

+ ALM (bll‘H + Z)II’H + + b/l/lHll)

A Xk, =H, (0,80 + bl 4+ 0 + . ..+ DA
+ H, ( 9180 + bgeAw + bzsAv‘; +...+ b2nsz)

+ H (b,?)lAv + b30Av‘> + b33A13 "‘l' L + b3nAr/1)

+ I~]/1 (/)/llAzl + b/z-Az’ + Z)}l,A/’ + . + Z)/mArn) . J . (XCV.).

Thus %, is determined in terms of H,, H,, ... H,, which define the maximum
frequency of survival.
In a similar manner by making the proper changes indicated above we have :

A x H, = Iy (anAy + @l + apd e+ .o+ @A)
+ by (anA s F @l @Ay o+ asA)
F kg (A F @l A+ 4 @50 )
A+ k(G @l AN = @A) (xevl),

where A’ is the determinant
VOL. CC.—A, o
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50 PROFESSOR K. PEARSON ON THIE INFLUENCE OF NATURAL
(Cn + (111)9 (’71:: -} altl)a (‘71:5 -+ sz,;{\} ce s (Chl “+ ”m)

((’21 + ), (‘332 + “23); ((’3:: + (’"::;) Cee (C-:u, + ”"_’/1)
(en 4 an)y (e 4 @), (o 4 an) o (G + W)

(Cm + Cl’/ll}) (0712 + a’u‘l); <('/1:3 _J!_ A7) IR <(7/m + (’///1)

" constituent.

and A’,, the minor of its nw

Now it will be clear from these results that as a general rule it is impossible for £, to
be equal to H,. In other words: The individual most frequently met with in any given
selected communaty, Le., the mediocre individual, is not the individual fittest to survive,

It 1s only in the limiting case of natural selection being so stringent that one type
of individual alone is able to survive, that the fittest class has a numerical majority
over any other class of the community. This seems to me an important, algebraically
almost self-obvious truth, and yet one which is very much obscured by the use of such
a phrase as the “survival of the fittest.”

Of course, if there be continuous selection, or an environment so stable that the
probability of survival remains constant for a long period, there will be a gradual
approach, never theoretically an actual identification of the mediocre and the fittest.
But in actual nature the environment, at any rate so far as it depends on climato-
logical conditions, must have a long period as compared with the vital and reproductive
periods of innumerable forms of life. A hard winter, a drought, a flood, a famine,
a plague or epidemic of any kind, even if fairly stringent, will rarely, if ever, render
the most frequently surviving individual jdentical with the individual who is fittest
to survive.®  Still less will this identity take place in the many processes of artificial
selection, which are becoming and will more and more become valuable laboratory
aids in our appreciation of the action of natural selection. The divergence between
the most frequently surviving and the fittest individual is measured by the above
formulee for the £'s in terms of the H’s. T

To complete the solution, the ¢’s must be found from the equations of type

Gy = b,y — C,p, and then from the a’s the s's and E’s follow by the well-known
determinants for multiple correlation : see our Equations (xi.) and (xii.).

Throughout the earlier part of this memoir I have used only the surface of selection,
but the above investigation will enable us whenever desired to replace 1t by the
probability of survival. I will illustrate this by obtaining the formulse suitable to the
simpler cases.

* We badly want a name for the selection which acts for a short time and rapidly modifies the adult
population. It is practically the type of selection considered in this paper. It is epidemic or catastrophic
in character.

t The point is of considerable importance, for more than one influential writer has spoken of the result
of natural selection as the preservation of the type the mortality of which is least under the given
conditions.
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(12.) CasE (i.).~—Selection of a Single Organ only.

The original population is given by

L= Ly e,
and the curve of survivors by

2 = gy~ WTEPRE
The probability of survival is

e 1y o (K252
P = Py (k) ,

E=H/1—N). . . C o (xevil),

S=SNV1T =M. . . . . . ... (xoviid),

where we easily find, if 3/o = X\,

», H?

and Po= e@=m . o (xex).
A()
As an illustration consider a selection from modern French peasants, which should
reduce the mean and variability of their cephalic index to those of the Libyan race.
French peasants :—

m = 79786, o = 3'841.

Libyans :—

m 4+ H = 72938, S = 2'885.
Hence : H = — 6848, N ="7511.
These give : k= — 15712, s = 4'370.

Thus for such a change as 7 points in the cephalic index to take place by selection®
we should hawe to make the “fittest to survive” of such a ridiculously low cephalic
index as 64074, and such a high variation as 4:370. '

We find Py = 510474 n/N,
and accordingly the probability of survival given by

P — 51+0474 i_\l’f e~ (2 4 156°712)%/(38:1939),

where N are the number of Frenchmen converted into n Libyans so far as cephalic
index 1s concerned.

I have purposely taken a somewhat extreme case of selection in order to illustrate
how widely the most frequently surviving individual can diverge from the fittest.

In this case, if the chances of survival (i.) of the fittest, (ii.) of the individuals most
frequent after selection, and (iii.) of the individuals most frequent before selection, be
C,, C,, and C; respectively, we have :

* This is, of course, supposing the change to occur by catastrophic selection and not by a continuous
secular selection, see footnote preceding page.

H 2
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C 0112782 1 00156,

or, the chances of survival of an individual of the fittest type would be about eight times
as great as those of an individual of the most frequent type after selection and about
700 times as great as those of an individual of the most frequent type before
selection. If v}, »,, v; be the numbers after selection in the three classes™ of the
fittest to survive, the most frequent after selection and the most frequent before
selection, we find

Pyt vy vy i 00892 1 1 : 05978,

In other words, the most numerous type before selection is still after selection about
6'7 times as numerous as the type with the least mortality, and this latter type is
only about 11y as numerous as the type to he most frequently met with after
selection has taken place.

Thus, although there would have been a very great evolution in cephalic index,
due to a fairly stringent selection, the fittest to survive would always have formed
but a small fraction of the dominant type. Even if we were to replace the selection
here considered by a gradual evolution spread over several generations, we should
still reach in the main the same conclusion, .e., that natural selection never proceeds
by the survival of the fittest, or the survival of those with the least death-rate. These
will always remain a small fraction of the community—they are the goal, but often
the very distant goal, to which selection tends to shift the population.

(13.) Casg (ii.)—Selection of Two Organs.

In this case let the surface of survivors be :

7 = 7y expt. — % { (2, — H)* 20, (2 — Hy) (2, — Hy) (g — Hy)? }

2P (L —1y) 22, (1 =15 22 (1 — 1% <C)’

the original population :

-3

. i 21 512, a,? .
7 = Ly expt. — % { b e R N s : } o (e,

0'1,Q (1 - 71;2) .Oh‘iﬂ',-:» (1~ 7’1-32) 0.22 (1 - waz)

and the curve of probability of survival :

(i Tl 2y — J) (o — ko)
= p, expt, — % {j"“—_;—‘&? - o
D= Pl R = Py

L =ty
§% (1 — p’) 57(1 —pd)

b,
Since : p = z/Z,
* By individuals of a type or class is meant here, as elsewhere in this section, all the group falling

within some small definite range of variation lying round a particular value of the organ (e.g., m, m + H,
or m + ), which defines the type or class,
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we find at once
N S— ! (cii.)
(=) 2P - o (l—myh) T T T Hh
T 11 i)
I R (R A I
Lo o W tm A
1 —p A5 -1)  ao-ry) O o Lovh
Iy _ kypyy — H, My, (ovi.)
Rl-pd) w0 —pd) P0-1n) I50-n) .
1Py k, 7, H, H, ..
I s +~o T I e 2 ) ‘9 : Loy /CVH--
§5 (1 —pn') ~ 5 (1 — pp?) 2% (1 — 1) + P (1 — 1) ' )

Let =/ o) = )\1, S)/o, =\, measure the stringency of the selection, and
/\/ i r‘” , measure the change in correlation.* Then solving the above equations
-
]'3

we find :
- l'lg—“ /]qM)\)\) con
= eVl ),
VS O RV RN (oviil.)
5= VAL T (ix.)
PV — e = =+ (L - rl,)x"x,wzrl,,pn C b
E\/]—lﬁ —_ 1—1?," )\
g.’) = y Lo ( S ) . RS . N (OX.\,
b Vlmzl,—xl~~x +(1——1p)>\1,\ +)t],1p7\7\ /
Je H, 1T = 7,2 — N2 4 1m0\, Toy TaAoAy — 7oA, ° .
1 — ke SRS &I AL L0 50 St __I_ 2T T TR , . . . <CX1.),
o 0 B T B
)3 Ty Tyah Ay — TAG? Toy 1= 7,7 == N2 A 1,700\ .
LIS R e Sk MG T AT hetietty (exil.),
0y 7y &) 3 B
where

B=1—rg" =N = N+ (L — 1) MNP + 209mM N,

Similarly, if the original population and the curve of probability of surviving
or of survival rates be given, we have to find the selected population :
Pio + 1150706y

1‘ O‘l + 1;5 Vz»";‘/‘i‘“+ v2K ) ' ) ' ' ' N ' ’ (CXiii. ),

*If ppg = cos d, 13 = cos D, p = sin D/sind. The quantity D has been conveniently termed the
«“divergence” by Mr. SurppArD. Hence p is the ratio of the sines of the selected and unselected
divergences. The above formula for pj2 can be at once changed into one suitable for trigonometrical
logarithmic caleulation. Let sin a; = p)i, sin ap = pdy, and piz = cos §; then, if A be the side of the
spherical triangle, of which e, e, are the other sides and & the included angle :

INTEIVAC T SILETNE

COS o) COS %y
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-
where v = T:_—%% , Kk =s/oy and Ky = 8]0y,
- 12

a1 =t + (1= Pt K

I S— ’ . L A N . (exiv.),
V1= et e+ (L= piy’) 0k — 2pigrige s,

%

- ’ 51— + (1 —ppd) i
23 - 71 e 2”_,,,4, = o ,,24,». T\ g 'q' 2‘ - "‘)_ = - . (CXV.),
VE= g e e+ (1= pi?) %" — 2Pk,

0y b L=md + e’ —pungas

01 gy v Ty Y

ky 78, — 019k K; .
M AT T Pfak (cxvi.),

W

H by gk — Praeky + foy 1= rg® + K7 — Prariprr sy

o = o 5 - ” (exviL),

(14.) Illustration.—The following results are taken from the paper by Miss Arnion
Lk and myself already cited :—

Krench &. Aino J.
Femur . . . . m = 45228 centims. 40°770 centims. = m, -+ H.
o, = 23872 1-898 . =3,
Humerus . . . m,=33010 29502 . = m, + H,.
o= 1538 1343, =3,
Correlation of )
Femur and ¢. . »r,= 8421 ‘8584 = 1,
Humerus

As indicated by the symbols above, let us select from the French a population
having the same femur and humerus relations as the Aino.
We have at once :

H, = — 4458, H, = — 3508,
A= 80017, A= ‘87321,
| 42 = 9047.
Whence we find :
Pro = 9027, 5,= 34870, §, = 28736,
k= — 178464, ky = — 158547,

. w
Py = 208,425 >

where 7 are the number of Ainos which can be obtained from N Frenchmen.
We have accordingly the following form for the surface of fitness to survive :
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<t
(a1

7

p = 208,425 { expt. — 4 {222056 (« -+ 17°8464)° + 326,960 (y + 15°8547)"
o | — *486,450 (w4 17°8464) (y + 15:8547)}.

Now it is clear that if we wanted by a ¢ catastrophic” selection to convert the
French into something resembling the Aino, we should have to give the least death-
rate to those French with femur corresponding to m, + &, and humerus to m, + k,,
or to the dwarfs with femur = 27382 centims. and humerus = 17155 centims. !
By no other means could we shift the modal value of the French population down as
low as the Aino modal value. The physical meaning of this is that we have been
compelled to put on an excessive death-rate for the bigger Frenchmen.

An interesting point of our work is that

By= 12514 H, + 34971 H,,
fy = — 1°0266 H, 4 58242 H,,

whence we see that while a selective reduction of humerus is far more effective in
reducing both femur and humerus centres of survival than a reduction of femur, a
selective reduction of femur occurring contemporaneously with that of the humerus
actually tends to raise the centre of the humerus, v.e., the coefficient of H, is
negative.

Now let us consider the frequency of survivors per unit length, say centimetre of
femur and humerus, at different points. The surface of survivors, 4., the Aino
population, is

—p 1 (IR - H) (@ -Hy) (- Hy)
o a—m U032 3 D

23 3,y (1—1,)

7=

If we put « = 0, ¥ = 0 we have the frequency after selection of the original
population type ; if we put @ = H,, y = H, we have the frequency after selection of
the new population type ; and if we put @ = k,, ¥ = %,, we shall have the frequency
after selection of those best fitted to survive. If these frequencies be vy, vy, v,
respectively, we find on substituting the numerical values that

vy twy twg st tLI7/10 01 1032289,

Thus the most frequent type of the new population is now about thirty times as
frequent as the old most frequent type, while the type most fitted to survive has
practically no existence at all. It probably lies outside the actual boundary of the
French population.

Here really arises the question as to how we are, in any actual problem, to fix the
ratio of n to N, or, what amounts to the same thing, to fix a practical boundary to a
given population. Such a boundary must be conventional, but 1 think that for
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practical purposes we are quite safe if we assume that an individual who occurs only
once per thousand can produce no effect on the physical evolution of the population
as a whole.

Now the form of a correlation-surface for two organs, = and y, is

N y 1 a2 2ray, ¥R }
-d ISy Y
T zo'l" oy 0?0

T . 1 a? 2ra 27?2
Let us write & = ———; {—L I + s

1 =10 o0, o

similar ellipses which are the contour lines of the surface, or lines of equal frequency,

} ; then k = a constant gives a series of

v.c., giving individuals with equal probability of occurrence. Let the equation to
these contour lines referred to their principal axes be

X® o y?
K=
A? B?
Then we have at once:
o1 1 4 — 1 _ 1 ot
AT BT et —) et (l =) 1= gl
1 1 72 N 1
ABE T afef (1 — %2 afol (1 — )P (1 =) afo,?
or, AB = g,0,4/1 — %, A4+ B =024+ b

Further, if ¢ be the angle the A principal axis makes with the axis of », we
have *
P ¢ o s 2 2
tan 2¢ = 2ro0y/(o* — o).

These fully determine the principal axes of the frequency surface. Now consider
the frequency between the elliptic cylinders corresponding to « and « 4 O«x; we
have it

=2 X 27ABrdk = 2 X 270054/ 1 — ¥ ki = Ne~ k.

Hence, if N, be the frequency outside any contour «,
P y = 1,9 E - 1,4 s
N, =N ‘ e ¥de =Ne ¥, . . . . . . (cxviil).
E
For N, to be 1455 of N we have simply

6 .
k¥ = —— whence x = 3716,923.
log e

% For easy calculation put y = /oy? + oo% tan ¢ = oy/or.  Then we have at once if 7 = cos D
A =y cos x, B = ysiny,
where : sin 2x = sin 2¢ sin D, tan 2¢ = tan 24 cos D.
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This will enable us to determine our conventional boundary to effective population.

Now let us refer our non-selected and selected populations to their centres and
principal axes.

We find for the contour curves :—

Unselected Population | Selected Population Surface of Survival
(i.e., French). (¢.e., Aino). (i.e., Rate of Survival).

z centre (femur) . . . . 45228 40-770 27382
y centre (humerus) . . . 33010 29-502 17-155
tan ¢ (slope to2). . . . +601,3775 *670,1454 -807,3371

- AL 27338 2-2514 44115
Principal axes { B . .. 7197 : 5308 “9775
1in 1000 it { S5+ - 1041 5 8682 -

Referred to its principal axes, the rate of survival is now

X2 Y2

. f
p = 208,425 f\;‘ ¢ iy *garor,

Suppose we require to get at least 1000 Aino out of the French population, N, then
n = 1000. Now suppose the Aino limiting ellipse drawn, then the French population
must be sufficiently large to give the individuals inside this ellipse. Now p gets
smaller as we go further from the centre of the survival surface. Hence the contour
line of the survival surface corresponding to p = 1 must be touched externally by the
limiting contour of the Aino population, in order that we may get at least 1000 Aino
out of N Frenchmen. Now, by a graphical construction, I find the major axis of the
elliptic contour line of the survival surface which touches the Aino limiting ellipse, is
about 11-44. This gives for the parameter x, of this ellipse, «;, X 4:1149 = 1144, or
K, = 2'5932. Whence :

1000 _, oorooons
P =1= 208,425»N~— ¢ H(25932)

gives the greatest possible value of p and the least possible value of N.  Numerically
this gives us N = 7,200,000 about, or we should want more than 7,000,000 of
Irenchmen to obtain our 1000 Aino by a catastrophic selection. The actual bounding
contour line of this least possible number of Frenchmen® has for its major axis
15285 centims., and it touches the Aino limiting ellipse at the point where it is
touched by the survival contour p = 1.

Now let us turn the problem round and ask what is the least population of Aino

* The least possible to reproduce the Aino, as far ag femur and humecrus are concerned, to 1 in a 1000
of the population.

VOL. CC.—A, I
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from which we could produce 1000 Frenchmen by a catastrophic selection. In this
case the surface of survivals is simply obtained by inverting p, and, if N’ be the
number of Aino, n° = 1000 = required number of Frenchmen, we have :

1 o

2 o2
p' —_—— @%{(4-4115)2’“(-9775)2}

~ 208425 N

Here p’ gets larger as we go away from the centre of the surface of survivals,
and we must therefore make the French limiting ellipse just touched nternally by
the contour line of the surface of survivors for which p” = 1. The major axis of this
contour line for p’ = 1 was found by a graphical process to be about 33-91. This
gives for «,

ko X (4°4115) = 3391, or «k,=T76867.

1000 1 s asen:

Thus : Po=1=5010s N ’

leads to N" = 82,460,000,000 about, or we should want upwards of 32,460,000,000 of
Aino to produce the 1000 Frenchmen. The bounding contour line of this number of
Aino has a major axis of 15°890 centims. about, and touches the French limiting
contour in the point in which it is touched by the p" = 1 contour of the surface of
survivals.

Now the difference between these two unselected populations is very great. We
see that to get the Aino a very great number of Frenchmen would have to be
exterminated, about 7000 for each Aino selected; but to get the Frenchmen from
the Aino an appalling number of Aino would have to be destroyed, upwards of
32,000,000 for each Frenchman selected. Fven if the selection were not catastrophic
but spread over centuries and centuries, we must recognise what a large consumption
of life there must be—individuals destroyed without progeny*—if we are to suppose
any highly civilized race like the French produced by selection from an apparently
primitive type like the Aino. Indeed, the return journey in this case seems much
easier than the upward ascent. Beyond all this we have only made French and
Aino alike for two organs, and only for one character of each of them! Allowing for
our conventional limit to the population, allowing for the fact that our Aino data are
drawn from a very limited population of remarkably small variability, it seems very
improbable that the French have ever been produced by selection from a primitive
race at all resembling the Aino. The fact that the Aino could be so much more
easily obtained by selection from the French seems to indicate that they are rather

* Of course, with a secular selection spread over many generations, it is largely the potentiality and not
the actuality of life which is destroyed. Still, while the gross number killed among a small primitive
community may not be large, the death-rate must still be immense. I hope to return to these points
when dealing with secular selection as distinguished from catastrophic selection.
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some degenerate offshoot of a race superior to themselves than a sample of the
primitive people from which the Circassian races may be supposed to have sprung.

The whole of this discussion is, of course, very hypothetical ; no stress whatever is
to be laid upon it except as an illustration of method, and a rough appreciation of the
vast amount of elimination which must be necessary to evolve one race from a second
in the case of organs which we know by measurement to have continuity of variation,
and-only saltatory changes in pathological cases, which have, as far as we can judge,
no influence on the mass-evolution which has produced the local races of man.

But given fair samples of material our method will enable us to determine whether
a race A—for of course a limited number of characters—could with less destruction be
deduced from a race B, than the race B from A. It will not therefore follow that the
path of least selection is that which necessarily was used by Nature. Possibly both
A and B have been reached by far less expenditure of material from C. Still it is
something definite in the midst of our gropings after truth in problems of descent to
have even a rough appreciation of the amount of selective destruction which would
arise from alternative suggestions. That is why this special numerical illustration of
the surface of survival has been given.

The reader will possibly find the matter rendered somewhat clearer by the diagram.
The femur .is measured along the horizontal and the humerus along the vertical.
A is the type or mean femur-humerus of the Aino population. Within in the
continuous ellipse round A the whole Aino population up to 1 in 1000 would fall.
F is the type of the French population and the continuous ellipse round F gives the
area within which up to 1 in 1000 of the French population fall. Since the diagram is
drawn to centimetres of the bones, it will be seen how very small are the limits of
variation within both populations. P is the centre of the surface of survivals; for the
selection of Aino from French it makes the “ fittest to survive.” In the case of the
selection of the French from the Aino, P is no longer the centre of fitness, but the
“ centre of unfitness” ; the Aino are killed off with an intensity which increases the
closer we approach to P. Now it seems to me that these two cases, which are quite
distinet in theory, ought to manifest themselves in Nature and require distinguishing
names. A race may be modified’ because a complex of organs with a certain system
of values is good for it, or because it is bad for it. The race may be modified because
a certain element of it is fittest or because it is unfittest to survive. In the former
case we select for survival round the centre, in the latter case we select for destruction.
I propose to call these cases positive and negative selection respectively. Tt may be said
that if there be positive selection in one part of the population there will be negative
in another. But the kernel of the matter is in either case the existence of a centre,
a definite set of most fit or of most unfit organs, while in positive selection the less fit
organs, and in negative selection the more fit organs are distributed over wide areas
of the field, and do not reach a maximum of unfitness or a maximum of fitness
respectively for any definite individual.

12
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In the diagram we have also drawn the contour line to which the French population
must extend if we are to get at least a representative population of 1000 Aino from
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it, and further the contour line to which the Aino population must extend if we are
to get at least a representative population of 1000 French from it. A consideration of
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the nature of the contour lines of the surface of survivals shows that the contour lines
above referred to, and marked “boundary” in the diagram, must touch the Aino 1in 1000
limit and the French 1 in 1000 limit respectively at the points in which they are
touched by the contour lines p =1 and p’ =1 of the corresponding surfaces of
survivals. 1 have already indicated that the major axes of these boundaries are
15285 for the French and 15890 for the Aino. The corresponding values of the
parameter « are respectively given by

15:285" , 15890
Ky = (2*%§)> = 55911, Ko = ooy = 7°0578.

Hence by (exviil.) we can easily find the frequency of population outside the
contours k, and «, ; if these be v, and v, we have :

ve = 000,000,163, vy = '000,000,000,015.

Thus the French population would have to be extended to a boundary in which only
about 1 in six millions was excluded, and the Aino population to a boundary excluding
only 15 in the billion! The boundaries of what we may thus term the selection
populations are far larger than our conventional boundaries of 1 in 1000 for represen-
tative populations. In fact, it would be impossible to select a representative Aino
population from a conventional representative French population and wice versa—in
either case the very exceptional members of French or Aino populations are
required to complete the conventional representative populations of Aino or French
by selection.

(15.) T have devoted most of my consideration of the surface of survivals to
a particular case in which two organs have been selected, and we consider the nature
of p which determines the fraction of each group of individuals which survives.
I have done this partly because normal surfaces are at best only an approximate
representation of our selectable and selected distributions, and partly because I have
thought a concrete case would best bring out the general points of investigations of
this kind.

But some little indication of the properties of the surface of survival-rates ought
to be indicated here, or it may appear that they have been overlooked. While the
contour lines of the correlation frequency surfaces for two organs must be ellipses, this
does not follow in the case of the surface of swrvival-rates. In our illustration they
were ellipses, but they may be also parabolas, hyperbolas, or even straight lines.
We must not therefore expect to find always a ““ centre” of positive or negative
selection. We may come across a “saddle-back system” of contours with the rate
of survival constant along two intersecting lines, but rising in one pair of opposite
angles and falling in the other pair. In this case we have fields of negative and
positive selection separated by two independent relations between the two organs,
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which are linear and for which the survival-rate is the same, they may be termed the
“critical lines.” For one pair of angles the centre is now a  centre of fitness,” for
the other pair of angles a ““ centre of unfitness.” It seems to me that these critical
organic relations may possess considerable biological importance.

If the contour lines of the surface of survival-rates are parabolas, we have really
only a limiting case of the centre at a very great distance. 1t is one in which the
fittest (or most unfit) has no practical existence, but there is a direction towards
which the rate of survival will be found to be always increasing or decreasing.

It the contour lines of the surface of survival-rates are parallel straight lines, then
so long as the deviation in one organ has a certain definite relation to that in the
other, the survival-rate will remain constant. In this case the survival-rate will
fall uniformly in one direction and remain constant in the direction at right angles
to it.

All the cases 1 have given here can occur just as easily as the elliptic contour
system of our illustration and diagram. Each is marked by quite definite biological
characteristics, and we may, perhaps, class them as elliptic, hyperbolie, parabolic,
and linear selection. Even if the surface of survival-rates be not of the exponential
quadric type discussed in this paper, yet to the neighbourhood of each part of it
this classification of selection types will apply.

If we pass to more than two organs, then similar considerations will apply; we
shall only be reproducing the geometry of quadric surfaces in space of three and
higher dimensions. But before we allow ourselves excursions into the higher
geometry of the surface of survival-rates, it seems desirable that we should obtain
quantitative determinations of this surface by experiments in artificial selection.
We shall then be better able to see what part of our geometry will really be of
service for the problems of natural selection. The field is too large to be cultivated
for merely theoretical interests. We must first determine what parts of it are likely
to have practical application to life as we find it, but of death-rates in the case of
any living form but man, we are at present sadly ignorant.
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Key to Selective Correlation Tables.

Values of
Case.
712 718

() 0 0
(b) 0 25
(¢) 0 ‘H
() 0 -5
() 0 1

() +25 *25
(1) 25 '
(h) 25 275
) 5 5
(/i:) s b
0) ) 1

(m) 75 75
(n) 75 1

() 1 1

Formula :

R =14+ 10(a,R) o + 4 {(a,R), + (4,R)dr; + (4,R) 6y},

Occastonally second differences must he used.
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